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Symmetry group of integro-differential equations describing nonlinear upper hybrid waves in mag-
netized electron plasma is found. It is shown that the extension of the symmetry in the cold plasma
limit allows us to build the general solution in this case.
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1. Introduction

In recent decades the Lie group method has been applied to explore many physically
interesting nonlinear problems in gas dynamics, plasma physics etc. [1-4]. Furthermore,
extensions of the classical Lie algorithm to the integro-differential systems of equations
of kinetic theory were proposed [5-8]. In this work, we generalize the results obtained
previously [5] for the electron plasma high frequency longitudinal waves in absence of
an external magnetic field to the case when the external magnetic field is present, i.e.
for the upper hybrid waves. In Sec. 2, the corresponding nonlinear integro-differential
model equations are derived. In the Sec. 3, the symmetry transformations for upper
hybrid waves are presented. Specification to the cold electron plasma case, for which it is
possible to obtain a general solution, is considered in Sec. 4. For the sake of completeness,
similar previous results for Langmuir waves are presented in the Sec. 5. In the Sec. 6,
the obtained results are discussed and conclusions are drawn.

2. Model

Let us consider the high frequency plasma motion with constant ion background den-
sity ng. In this case, the Vlasov—-Maxwell system of integro-differential equations holds:
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8tf+v-Vf—;<E+(1:v><B)-va:0,

(2.1) VXE+18tB:0, V~E47re<n0/dvf>,
c

1 4
VxB=-0E— 2 [dvvf, V.-B=0,
C C

where f(t,r,v) is electron distribution function. We assume that the plasma is subjected
to a constant external magnetic field

B = Bpe.,, By = const,

so the electron cyclotron frequency is equal to w. = eBy/me. We consider the case of
transverse plasma motion (see, e.g. [9]):

f=ft,z, vg,vy), E=E(t,z)e,.
Electron distribution function f is already integrated over v, and no longitudinal current

is present, / dv, v, f = 0. In this way we obtain the simplified system of model equations

describing upper hybrid waves in the electron plasma

Ouf +0o0nf = — B 0y, f +we (v50y, f = 0,00, f) =0,
(2.2) 0. F = 4re (no —/dvm dv, f) , OFE = 47Te/dv$dvy vz [,

jo—c / dvsdv, v, .

where external current density jo = joe, is needed for compensation of a time-dependent
magnetic field generated due to plasma dynamics, since our model is restricted to the
constant magnetic field only. This problem is sometimes overlooked in the literature
(compare Sec. 3.4.1 of [10]).

3. Symmetries of the Model

Lie group of point transformations admitted by the integro-differential equations
(2.2) can be found by the use of the indirect method [5], exploring the symmetry of
an infinite set of equations for the moments of the distribution function, as well as by
the direct method developed recently in [6-8]. After some cumbersome but straightfor-
ward algebra, we obtain the following six generators which span the Lie algebra of the
symmetry group of the Egs. (2.2):

X, =0, Xo=0,  Xs=0, —§wc O,

Xy =10y + 050y, +v,0,, —2f0y + EOg,

(3.1) ,

X5 = cos(wt)d, — wsin(wt)9y, + we cos(wt)dy, + ey cos(wt)Og,
Ve

2

X¢ = sin(wt)d, + w cos(wt)0y, + we sin(wt)dy, + % w? sin(wt)0g,
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where w = wyy, is the frequency of upper hybrid oscillations (w2, = w? + w?) and
2 _

wy 4re’ng/m, wy is the electron plasma (Langmuir) frequency.
The non-vanishing commutators between generators (3.2) are as follows:
( ) [X17X5] :7WX67 [leXG} :LUX5a [XQaX4] :X27
3.2
[X37X4] = X37 [X47X5] = _X57 [X47X6] = _XG'

The algebra is solvable. Using the adjoint representation we find the optimal system of
one-dimensional subalgebras (see [1, 3]). They are generated by the following operators:

£ X1+ asXs + a3 Xs, azXs + az X3,
(3.3) where 7,a0,a3 € R
TX1 + Xy, azXs + az X3 + X,

Particularly interesting cases correspond to vanishing parameters 7 = 0,a2 = 0,a3 = 0.
For example, the first operator with as = 0, a3 = 0 is equal to X; and the corresponding
invariant solutions are stationary solutions. For a3 = 0 we have X; + X5 and BGK
waves. In general, we find invariant solutions corresponding to the operators (3.3) by
the method of invariants. The invariants of transformations generated by the operators
(3.3) can be constructed in the simplest way from explicit form of these transformations
of variables. They are easily found as a superposition of transformations generated by
generators X1, Xo, X3, X4, X¢ since each of them commutes with the other ones. To
illustrate this procedure we consider the case of 7X; + X4. Under finite transformation
exple(TX1 + X4)], the variables change as follows:

t=t+er, T = xe, Uy = Vg€, Uy = vye, f=fe 2%, E = Ee°.

It is convenient to introduce a new variable t' := exp(t/7) which transforms like the
other variables: ¢ = ¢’ exp(e). Invariants have the form

Tt Uz _ —t/7 Uy —t/T Uz Uy
- =uze , — = Ug€ , — = uye , —, -,
t t t T T
E
12p _ g 2t)T 2 2 2 2 o —t)T
t2f = fe¥T. a2tf, vif,  vlf, fE?, - = Be T

We choose five independent invariants, three of them built from independent variables,
as follows (see [4]):

xe—t/T7 ,Ume—t/T7 ,Uye—t/‘r'7 f€2t/T, Ee_t/T.
We look for invariant solutions in the form (the electric field does not depend on velocity)
e_zt/Tf(xe_t/T, vme_t/T, ,Uye—t/T)7 €t/TE(.’l?€_t/T).

The results of such a classification of solutions invariant with respect to generators of
optimal system (3.3) are collected in the following table:
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No Subgroup Form of the invariant solution

m
1 | £X1 +a2X2 + a3Xs f(zF ast,ve, vy Fast), E(x¥azt)$a3;wct

1 asm
2 a2X2 + a3 X3 f(t, vz, asz—azvy), —E(t)—i—wcgg
as as e

E_Zt/Tf(:Ee_t/T, vme_t/T, ,Uye—l‘,/T)7

3 X1+ X4
et/TE(:L,e—t/T)
f(t, zw cos(wt) — vg(az + sin(wt)),
4 as X2 + a3z X3 + Xe z(a3 + we sin(wt)) — vy (a2 + sin(wt)),

[az + sin(wt)] 71 [E(t) + %(uﬂ sin(wt) — agwc)ac]

where 7,as,a3 € R!.
4. Cold Electron Plasma Limit

Considerable extension of symmetry takes place in the cold electron plasma limit,
i.e. for the distribution function of the form

(4.1) ft, 2, ve,vy) = n(t,x) 0(ve — u(t, x)) 6(vy — v(t, z)).

The equations (2.1) are then reduced to partial differential equations for the functions
u, v and F of the variables t and x:

e

(4.2) Oru=——FE —w.u, 07V = wel, 0. FE = 4dmenqu,

m
where 0; = 0; + ud,. A solution of (4.2) by the use of Lagrangean variables is made
possible by adding the equation for the orbit z(t):

(4.3) O-x=u

and treating z, u, v and E as the functions of 7 and the initial value of z(7), i.e.
xo = z(0). It is readily seen that

O*u+w?u=0
and the general solution has the form
x = I cos(wt) + I sin(wt) + I3,
u=w [—Isin(wt) + I cos(wt)],
E = 4weng [I cos(wt) + I sin(wt) + I4],

2
w
v = w, [I1 cos(wt) + Iy sin(wt)] — 2 Iy,
(&3
where I = {I3,..., 4} are functions of zy and are determined by the initial conditions,
e.g. Is(zg) = u(0,20)/w. In this way complicated expressions for x, u, v and E, pre-
sented in [10], can be obtained. From the point of view of the symmetry approach, this
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possibility of finding the general solution in Lagrangean variables is related to the fact
that the system of Eqs. (4.2) and (4.3) can be written in the form

8,1 =0,

which is invariant, as it is readily seen, under the wide class of transformations depending
on arbitrary functions F and G:

(4.4) I'=F1), r =G(I).

The transformations (4.4) allow us to obtain the general solution of the system of
Egs. (4.2) and (4.3) starting from the trivial zero solution. In fact, the trivial solution

I=0,...,.I, =0
is generalized by the transformation (4.4) to
Fo(l,.... 1)) =0,...,Fy(I4,..., 1) =0,
with arbitrary functions Fy,..., Fy. Then we can express the solution in the form
I =go(h),..., Iy = ga(L1).

Finally, we determine the functions go, ..., g4 from the initial conditions for u, v and F
thus reproducing the solution obtained in Lagrangean variables. So, the possibility of
solving the cold electron plasma equations is due to the sufficiently large extension of
symmetry of the model.

5. Langmuir Electron Plasma Waves

For comparison with the above results we review shortly the previous results, ob-
tained in [5], for longitudinal electron plasma waves. In this case, i.e. for the system of
equations (see, e.g. [10])

Btf+v8wf—%E6Uf:O,

(5.1) O E = 47re/dv vf,

0, F = 4me (no —/dvf) ,

where v = v, and the distribution function is already integrated over v, and v, the
symmetry group is generated by the following operators (see [5]):

X1 =0, Xo = Oy,

Xs=20,+v0, — fOy + E O,

X4 = cos(wpt) Oy — wp sin(wpt) 0, + ey, cos(wpt) O,
e
X5 = sin(wpt) 0, + wp cos(wpt) 0y + 2w

e

2
P
12) sin(wpt) OF.
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In the cold electron plasma limit
f(t7 Zz, 1)) = T’(ta I) 5(” - ’U)(t, T))
the system (5.1) reduces to the partial differential equations

(5.2) O,w = _< E, 0, F = 4drwengw,
m

where 0, = 9; + wd,.. In this case invariants I = {11, I, I3} have the form

E
h=o- 4dmeng’
w .
I, = o cos(wp T) + Tremo sin(w, 7) ,
w .
I = o sin(wp 7) — Trens cos(wp T) .

The invariance under the transformations (4.4) made it possible to obtain the general
solution of (5.2) from the trivial one or to solve this system in Lagrangean variables as
it was done in [10].

6. Conclusions

In this paper we have studied the invariance of the integro-differential equations for
the nonlinear upper hybrid waves (2.2). Lie symmetry group of point transformations
(3.2) has been found. Among the symmetries appear the time and space homogeneity
(X7 and Xs), the non-relativistic remnant of the Lorentz transform in the y direction
(X3), similarity transformation (X4) related to the fact that in the equations (2.1) no
assumptions are made a priori about the plasma temperature and thus no characteristic
thermal velocity is contained in the system. Transformations X5 and Xg are the specific
ones for upper hybrid waves. They mean that the spatially homogeneous upper hybrid
oscillations can be included in arbitrary solution of the model as e.g. the nonlinear
reaction of the system to the rapid homogeneous external current flash.

The optimal system and corresponding invariant solutions for the system (2.2) were
found.

It was shown also that in the cold electron plasma limit (4.1) the symmetry extension
made it possible to obtain the general solution, which is equivalent to the better known
procedure of solving equations in Lagrangean variables.

Comparison of the above mentioned results with symmetries and solutions for the
simpler model of electron plasma high frequency waves in absence of the external mag-
netic field shows very close qualitative analogy.
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