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basic notation for in terv als and in terv al linear equations, as w ell as diagrammatic to ols

needed for their analysis. Then the analysis of the one-dimen sional equation is conducted,

and a detailed catalogue of p ossible solution t yp es of suc h equations is pro vided, in b oth

diagrammatic and tabular forms. Finally , a short description of the computer program

(co ded in Mathematica

r
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In tro duction

Analysis of systems of in terv al linear equations is of m uc h imp ortance for in terv al analysis,

see e.g. [Rohn 1989, Neumaier 1990]. Most of the w ork in this area concen trates on �nding

n umerical algorithms for calculating in terv al h ull estimates of the so-called united solution

set for suc h systems. Ho w ev er, there are other kinds of useful solution sets, as w ell as

other p ossible c haracterizations of these sets that can b e useful in v arious applications,

see e.g., [Shary 1995; 1997; 2002]. A recen tly dev elop ed, new diagrammatic approac h to

the analysis of in terv al linear equations [Kulpa 2001b; 2003a;b;d] o�ers new p ossibilities

in this area, ranging from re�ning or impro ving old estimation algorithms, to calculating

new c haracterizations and descriptions of the solution sets.

This rep ort con tains the basis for this analysis, namely a complete catalogue of all

structural t yp es of the one-dimen sional equation a � x = b . In the previous w orks [Kulpa

2001b; 2003a;b;d] only basic t yp es and subt yp es w ere catalogued. As it w as sho wn in those

w orks, the analysis of the general m ultidim ensi onal case can b e based on the one-dimen -

sional radial cuts through the solution space. The arrangemen t of solution sets along

these cuts is pro vided b y solutions of one-dimen sional equations whose co e�cien ts are

determined b y the co e�cien ts of the m ultidim e nsional equation and the direction of the

cut [Kulpa 2003b;d]. The arrangemen t of di�eren t structural t yp es of all suc h cuts for

a giv en m ultidim ensional equation (whic h can b e visualized with the so-called butter�y

diagr am [Kulpa 2003b;d]) c haracterizes qualitativ ely the structure of the solution sets of

the equation and pro vides means for v arious c haracterizations of them, to b e presen ted

in a separate w ork [Kulpa 2005].

T o mak e the rep ort self-contained, in Chapter 1 the basic notation for in terv als and

in terv al linear equations, as w ell as diagrammatic to ols needed for their analysis are brie�y

in tro duced. In Chapter 2, the analysis of the one-dimen sional equation conducted �rstly

in [Kulpa 2003a;d] is recapitulated (in a shortened form), while in Chapter 3 a detailed

description of p ossible t yp es of suc h equations is catalogued � a new dev elopmen t made

p ossible b y the diagrammatic approac h. Finally , a short description of the computer

program (co ded in Mathematica

r

3 : 0 ), implem en ting the t yp e catalogue is included. It

is an essen tial subroutine for most programs for �nding c haracterizations of solution sets

based on the diagrammatic approac h, as rep orted in [Kulpa 2005].
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Chapter 1

In terv als, in terv al equations,

and the MR-diagram

1.1 Real in terv als

A r e al interval u is a closed, connected and b ounded subset of R . The set of all real

in terv als is denoted b y I R and called a ( r e al ) interval sp ac e . Th us, u = f ~u 2 R j u �

~u � u g � R , where u and u are called endp oints of the in terv al u ( b e ginning and end ,

resp ectiv ely), and ful�ll the condition u � u . The common endp oint notation for in terv als

is th us u = [ u ; u ] . Sometimes using sign sup erscripts for the endp oin ts will b e more

con v enien t: u

�

= u ; u

+

= u , so that also u = [ u

�

; u

+

] .

Figure 1.1: A real in terv al and its basic parameters.

F or real in terv als, the midp oint and r adius of the in terv al are also de�ned, resp ectiv ely ,

as follo ws, see Fig. 1.1 (with wid u = 2

^

u

):

_

u

= mid u = ( u + u ) = 2 ;

^

u

= rad u = ( u � u ) = 2 :

With these parameters, another notation for real in terv als, called sometimes a c entr e d

notation (in tro duced already in [W arm us 1956]) b ecomes p ossible:

_

u

�

^

u

= [

_

u

�

^

u

;

_

u

+

^

u

] :

An in terv al is called thick if u < u (or

^

u

> 0 ); thin (or p oint ) in terv al if u = u (or

^

u

= 0 ).

P oin t in terv als can b e for most purp oses iden ti�ed with the corresp onding real n um b er,

3



4 Chapter 1. In terv als, in terv al equations, and the MR-diagram

i.e., [ x; x ] = x 2 R . An in terv al for whic h u = � u (or

_

u

= 0 ) is called zero-symme tric or

just symmetri c.

Occasionally , the so-called exterv als will app ear in the text. A r e al exterval e is a sort

of interv al-lik e ob ject that con tains in�nit y , i.e., a set ] e; e [ = ( �1 ; e ] [ [ e ; + 1 ) � R (with

e < e ). A one-side d exterval is a set ] e ; 1 [ = ( �1 ; e ] or ] 1 ; e [ = [ e ; + 1 ) . When e � e ,

then ] e ; e [ = R .

Another imp ortan t parameter of an in terv al is the function rex (for r elative ex tent ),

�rst in tro duced in [Kulpa 2001a]:

rex u =

^

u

=

_

u

:

In this pap er w e will also use its v arian t named � (k appa) in [Mark o v 2004], and de�ned

as:

� u =

^

u

= j

_

u

j = j rex u j :

1

The v alue of � u is greater than or equal to 1 for in terv als con taining 0 , and less than 1

for in terv als without 0 . It is assumed to equal in�nit y for symmetri c in terv als (including

0 ).

1.2 Linear in terv al equations

When co e�cien ts of the matrices A and b in the system of equations A � x = b are allo w ed

to b e in terv als, the form ula is usually called a system of in terv al line ar e quations [Rohn

1989, Neumaier 1990]. Precisely sp eaking, ho w ev er, it is not line ar (as the space of in-

terv als is not a linear space), and usually is not treated as a system of e quations either.

The name �equation� is only justi�ed in the situation when one considers the interval

solution (called also algebr aic solution , or formal solution [Shary 2002]) to the system.

This solution is de�ned as an in terv al x

I

whic h ful�lls the equation A � x

I

= b in the sense

of in terv al arithmetic. In most cases, other de�nitions of a solution are considered, usually

as sets of r e al v ectors (not necessarily in terv als), de�ned as follo ws (see e.g. [Shary 2002])

2

:

Unite d Solution Set:

�( A; b ) = f x 2 R

n

j A � x \ b 6= ;g =

= f x 2 R

n

j ( 9

~

A 2 A )( 9

~

b 2 b )

~

A � x =

~

b g = �

99

( A; b ) ;

Contr ol Solution Set:

�

�

( A; b ) = f x 2 R

n

j A � x � b g =

= f x 2 R

n

j ( 8

~

b 2 b )( 9

~

A 2 A )

~

A � x =

~

b g = �

98

( A; b ) ;

T oler anc e Solution Set:

�

�

( A; b ) = f x 2 R

n

j A � x � b g =

= f x 2 R

n

j ( 8

~

A 2 A )( 9

~

b 2 b )

~

A � x =

~

b g = �

89

( A; b ) :

1

The equalit y of � to the absolute v alue of the rex function is v alid for prop er in terv als considered

here; the functions di�er for directed in terv als (not used in this w ork).

2

The � notation for solution sets w as in tro duced in [Shary 2002] instead of the more common �

notation. Shary's notation is adopted here, as the � notation ma y b e confusing due to its p ossible clash

with the standard notation for sums.



1.3. The MR-diagram 5

None of the ab o v e is actually a solution to the original equation. They are sets of real

solutions to a system of in terv al r elational expr essions , with di�eren t relations put in the

place of the equal sign, namely:

A � x � � b for the set �( A; b ) ,

A � x � b for the set �

�

( A; b ) ,

A � x � b for the set �

�

( A; b ) , resp ectiv ely .

Using this con v en tion, the equation A � x = b w ould ha v e the solution set �

=

equal to

�

�

\ �

�

, whic h is di�eren t than the in terv al solution. F rom the de�nitions it follo ws also

that �

�

� � and �

�

� � .

There is no established short name for this sort of a form ula�in whic h not only an

equalit y , but an y other relation can stand as a main connectiv e. The term ine quality is

not appropriate, as w e do not w an t to exclude equalit y�it is as go o d a relation as an y

other to b e used here. Therefore, in the sequel the phrase r elational expr ession will b e

used, or sometimes simply r elation for short, except in the cases when the general form of

the expression is mean t, without reference to an y particular solution set, where the term

�in terv al linear equation� will still b e used.

1.3 The MR-diagram

The basis for the diagrammatic analysis in in terv al algebra is the t w o-dimen sional rep-

resen tation of the space of real in terv als I R called the MR-diagr am [Kulpa 1997; 2001a],

see Fig. 1.2a. In the MR-diagram, an in terv al is represen ted b y a p oin t with its cen tred

co ordinates: midp oin t

_

u

and radius

^

u

. Besides midp oin t and radius, one can also eas-

ily obtain the endp oin ts u and u of the in terv al using the diagonal lines. In this w a y ,

the MR-diagram com bines con v enien tly all three common represen tations of in terv als �

midp oin t-radius, endp oin t, and the one-dimen sional represen tation as a segmen t of the

real n um b er line (here on the Om axis).

The main diagonals lb0 and ub0 constitute a dividing line b et w een in terv als c ontaining

zer o (they all lie on or ab o v e the diagonals) and those without zer o (b elo w the diagonals).

The interval axis

3

O u of the in terv al u consists of a p ositiv e half O u + going through

the in terv al u , and the negativ e half O u � through the in terv al � u , see Fig. 1.2b. Note

ho w negation (c hange of sign) of an in terv al is obtained b y re�ection in the Or axis. All

in terv als v lying on the in terv al axis O u of the in terv al u ha v e the same v alue of the �

function: � v = � u , i.e., ha v e the same relativ e exten t. When � v 6= � u , u and v ha v e

di�eren t axes. An in terv al v is called mor e extende d than u if it lies ab o v e the in terv al

axis O u . Symmetric in terv als (including 0 ) are considered more extended than all other

in terv als. Their axis coincides with the Or + co ordinate axis.

Multiplication of an in terv al u b y a scalar (real n um b er) m 2 R is de�ned b y m � u =

f m ~u j ~u 2 u g = m

_

u

� j m j

^

u

. The in terv al axis O u groups all pro ducts of the in terv al

u and all real n um b ers, sym b olically: O u = R � u . T o �nd the pro duct of an in terv al u

and a real n um b er m , it su�ces to map appropriately the p oin t on the Om axis with

the co ordinate m on to the in terv al axis O u . The diagrammatic construction for that is

3

In older pap ers and rep orts Kulpa [1997; 2001a] this w as called a �radial line.� The term �in terv al

axis� is more appropriate, as will b ecome clear in the sequel.
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l

Figure 1.2: The MR-diagram represen tation of the space of real in terv als (a);

in terv al axis, negation of in terv als, and m ultipli cation b y real n um b ers (b).

sho wn in Fig. 1.2b. It is con v enien t to de�ne the mapping as a function called lamb da

mapping : �

u

( m ) = m � u . Its in v erse allo ws to �nd the real n um b er (a p oin t on the Om

axis) b y whic h the in terv al u has b een m ultipli ed to obtain the giv en p oin t on the axis

O u . Dep ending on the need, one ma y use either the mapping lines parallel to the lines

from the p oin ts of v alue +1 and � 1 to u and � u , resp ectiv ely (as in Fig. 1.2b), or from +1

to � u and from � 1 to u , taking in to accoun t the equalities �

� u

( m ) = �

u

( � m ) = � �

u

( m ) .

1.4 Other notation

Some more general notation used in the rep ort, not sp eci�c to in terv al algebra as suc h is

summarized in the follo wing.

Let V , W , X , Y , Z b e sets, not necessarily di�eren t. Then R � X � Y , and Q � V � Z

are (binary) relations; x R y means ( x; y ) 2 R . As relations are sets, the union and

interse ction of an y t w o relations are de�ned straigh tforw ardly . The notation R � Q (shortly:

RQ ) is used for c omp osition of relations: x RQ z ( ) ( 9 y ) x R y and y Q z : Comp osition is

not c ommutative , but it is asso ciative .

The relation R

� 1

suc h that y R

� 1

x ( ) x R y is called an inverse of the relation R . The

notation W R and R W denotes the image and c oimage , resp ectiv ely , of the set W under
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the relation R , de�ned as:

W R = f y 2 Y j w 2 W and w R y g ; and

R W = f x 2 X j w 2 W and x R w g :

The image of a set under R coincides with its coimage under the in v erse of R , that is,

W R = R

� 1

W . When W is a one-elemen t set, f w g R and R f w g will b e simpli�ed to w R

and R w , resp ectiv ely . As functions are relations, the ab o v e notation will b e used, when

con v enien t, also for functions.

Greek letters � , � , � , etc. (except � and � ) will b e used to denote sign variables ,

taking v alues from the set f� ; + g . When used b efore an ordinary n umerical v ariable or

expression, the sign v ariable will b e understo o d as simply a sign, hence � 1 means 1 or

� 1 , dep ending on whether � = + or � = � , resp ectiv ely . The sym b ol � O x

j

will denote

the O x

j

co ordinate axis when � = + , or the axis coinciding with O x

j

, but with opp osite

orien tation, when � = � . Used as sup erscripts of in terv als, they will select appropriate

endp oin ts of the in terv al as describ ed in Section 1.1, namely u

�

= u ; u

+

= u .

It will b e also con v enien t to use a new relation sym b ol � � � � to denote non-empt y

in tersection of sets, namely S � � T ( ) S \ T 6= ; .





Chapter 2

One-dimensional in terv al equation

In the one-dimensional case, the matrix A shrinks to a single in terv al a , as do es the v ector

b . The relational expression b ecomes th us a � x � b , where � 2 f� � ; � ; � ; = g . Diagram-

matic analysis of solution sets for this case leads to v ery useful insigh ts and constructions,

as w ell as pro v es to b e indisp ensable for diagrammatic analysis of general m ultidim en-

sional case. Namely , that analysis is based on the one-dimen sional r adial cuts through

the solution space. As demonstrated in [Kulpa 2003b;d], the arrangemen t of solution sets

along these cuts is pro vided b y solutions of some one-dimen sional equation whose co ef-

�cien ts are determined b y the general equation co e�cien ts and the direction of the cut.

The arrangemen t of di�eren t structural t yp es of suc h cuts (whic h can b e con v enien tly vi-

sualized with the so-called butter�y diagr am [Kulpa 2003b;d]) c haracterizes qualitativ ely

the structure of solution sets of the giv en m ultidim ensional equation and pro vides means

for v arious c haracterizations of them, to b e pro vided in a separate w ork [Kulpa 2005].

2.1 Diagrammatic solution

Let us sho w ho w the equation can b e solv ed diagrammatically . The expression a � x � b

tells us that �rst w e need a represen tation of all p oin ts that are in relation � to the

righ t-hand side in terv al b . Th us, w e will need a diagrammatic represen tation of coimages

Ê

Í

Ç ¹ Æ

Figure 2.1: Coimages of an in terv al b under in terv al relations � � , � and � ,

and the de�nitions of b order relations , , , and .

of the co e�cien t b under the relations de�ning the solution sets. They are de�ned in

Fig. 2.1, see [Kulpa 2001b; 2003a;d] for more details. Borders of the coimages represen t

the b or der r elations , , , and that group in terv als one of whose endp oin ts coincides

with one of the endp oin ts of the co e�cien t b , as indicated in the �gure.

F or the giv en in terv al a and all p ossible real x 's, the set of pro ducts a � x coincides

9



10 Chapter 2. One-dimensional in terv al equation

¥ È ¥

X

X

XÍ Æ
XÊ

XÊ

XÍ

l

l

l

l

X

XÍ Æ
XÊ

Ç
Í Ç
Ê Ç

l

l

X
XÊ Æ
XÍ

Figure 2.2: Diagrammatic solution examples of the a � x = b equation

for di�eren t structural t yp es.
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with the axis O a . Th us, to �nd the solution set for the expression a � x � b for the giv en

� 2 f� � ; � ; � ; = g , one m ust �rst �nd the subset of O a that sta ys in relation � to b . It

is ob viously the in tersection O a \ ( � b ) of O a with the coimage � b . Since a � x = �

a

( x ) ,

then x = �

� 1

a

( a � x ) and the solution set �

�

is a result of the in v erse lam b da mapping

of the said in tersection on to the Om axis, that is, �

�

= �

� 1

a

( O a \ ( � b )) . Appropriate

diagrammatic constructions for all basic structural cases are sho wn in Fig. 2.2, together

with conditions for equation co e�cien ts a and b and the de�nitions of the three solution

sets for eac h case.

The endp oin ts of the solution sets are th us giv en b y the p oin ts Q

i

= �

� 1

a

( w

i

) , where

w

i

denotes one of the p oin ts of in tersection (mark ed b y 
 in Fig. 3.1) of O a with one

of the b order relations. As it w as deriv ed in [Kulpa 2001b; 2003a;d], the p oin ts Q

i

,

called quotients of the expression a � x � b , are obtained according to the rule sho wn in

Fig. 2.3a, dep ending on the b order relation whose in tersection with the O a axis generates

the quotien t and its sign (the p osition of the quotien t with resp ect to the Or axis in the

diagram).

a)

b order sgn Q

i

Q

i

2 f L ; S ; Z ; T g ,

relation

+ � Q

��

= b

�

=a

�

:

1

S L L = Q

� �

= b =a

L S S = Q

+ �

= b = a

T Z Z = Q

� +

= b=a

Z T T = Q

+ +

= b= a

b)

Æ

Figure 2.3: Notation for quotien ts of the a � x � b relation

and corresp ondence b et w een them and in tersections with b order relations (a);

quotien t sequence diagram and graphical notation for solution sets (b).

Small circles � � � denote the p osition of zero.

The shorthands L ; S ; Z , and T w ere c hosen on a mnemonic principle, as they mim ic the

graphical structure formed b y dashes and division op erator in the quotien t expressions.

De�nition 1 (Characteristic quotien t sequence) The se quenc e N

1

N

2

N

3

N

4

of four

non-r ep e ating names of the quotients (i.e., N

i

2 f � L � ; � S � ; � Z � ; � T � g , N

i

6= N

j

for i 6= j ),

sorte d with r esp e ct to actual values of the quotients (so that Q

1

� Q

2

� Q

3

� Q

4

), is c al le d a

c haracteristic quotien t sequence (or quotien t sequence for short) of the given c o e�cients

a and b , and wil l b e denote d by Q ( a; b ) .

Characteristic quotien t sequences will b e augmen ted b y the indications of the p osition

of zero, equalit y of some quotien ts, or sp ecial v alues of some quotien ts, lik e in�nit y or

unde�ned v alues, see detailed explanations in Chapter 3.

After arranging quotien ts in a t w o-dimen sional arra y as in Fig. 2.3b, the sequence can

b e represen ted as a quotient se quenc e diagr am . The graphical annotation of quotien t

sequences describing the solutions sets determined b y the giv en sequence is also explained

in Fig. 2.3b with t w o examples.

1

In earlier pap ers and w orks [Kulpa 2001b; 2003a;d] the order � � for the sup erscript w as used. The

order has b een c hanged here to �� in order to conform to the con v en tion used for m ultidim ensional

quotien t n -tuples.
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2.2 Structural t yp es

Diagrammatic analysis sk etc hed ab o v e rev eals that there are only 16 di�eren t basic quo-

tien t sequences, group ed in to 6 structural t yp es corresp onding to di�eren t p ossible con�g-

urations of the in terv al axis O b and the co e�cien t a , as displa y ed in Fig. 2.2 and sho wn

in more detail in the catalogue of basic t yp es in Fig. 3.1 in the next c hapter. The letter

names for the t yp es w ere c hosen to mimic the shap e of the quotien t sequence diagram

for the t yp e. It pro v ed con v enien t to split the t yp e X used in previous w orks [Kulpa

2001b; 2003a;b;d] in to t w o t yp es: V (corresp onding to the previous name X

a

), and Y

(corresp onding to X

b

).

An imp ortan t prop ert y of quotien t sequences w as pro v en in [Kulpa 2003a;d]:

Prop osition 1 (Radial mo v e in v ariance) The quotient se quenc e Q ( a; b ) do es not

change when a , b , or b oth, move along their r esp e ctive p ositive interval semi-axes (ex-

cluding the origin [0 ; 0] ), i.e., when rex a and rex b r emain unchange d.

As a consequence, the solution t yp es (hence their qualitativ e con�gurations) also de-

p end only on rex a and rex b , so that regions with the same t yp es ha v e the shap e of angular

w edges in the MR-diagram and are indep enden t of the scale of the diagram. Note ho w

that prop ert y is re�ected in diagrammatic notation of Fig. 3.1 and other diagrammatic

catalogues of t yp es in Chapter 3.

In all basic cases �

=

= ; , b ecause �

=

is nonempt y only when the axis O a passes

through the coimage ( b ) = f b g , i.e., when � a = � b , the situation explicitly excluded b y

the conditions in Fig. 3.1. When � a = � b w e th us do not obtain one of the basic t yp es

listed, but some interme diate (or de gener ate ) t yp e. These t yp es constitute b order cases

b et w een sev eral (usually t w o) basic t yp es. In termediate t yp es o ccur also when a or b are

thin (i.e., � a = 0 , or � b = 0 , or b oth), or when they lie on one of the main diagonals lb0 or

ub0 (i.e., � a = 1 , or � b = 1 , or b oth), or �nally when b is symmetric ( � b = 1 ). All these

cases are also explicitly excluded b y the conditions giv en in Fig. 3.1. F or in termediate

cases some quotien ts b ecome equal, or run out to in�nit y , causing solution sets to b ecome

either thin, or equal, or one-sided exterv als. The structure of the solution sets is in e�ect

in termediate b et w een the structures for the corresp onding basic t yp es, see Chapter 3.



Chapter 3

Catalogue of structural t yp es

3.1 Diagrammatic catalogues

The diagrammatic catalogue of the basic t yp es is giv en in Fig. 3.1. The catalogue sho ws,

for ev ery t yp e, �rst the conditions de�ning the t yp e, b oth as an expression in terms of � a

and � b , as w ell as with a small MR-diagram sho wing the allo w ed p ositions of the axis O b

and the co e�cien t a with resp ect to it. Then the subt yp es are listed, with their quotien t

sequence diagrams, conditions on signs of co e�cien ts a and b (or signs of their midp oin ts),

and quotien t sequences with solution sets mark ed according to the con v en tion explained

in Fig. 2.3b.

Figure 3.1: The catalogue of all basic subt yp es of in terv al equation a � x = b .

De�ning conditions for the (sub)t yp es explicitly exclude in termediate cases.

13
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A diagrammatic catalogue of all t yp es, including also all in termediate ones, is sho wn in

Fig. 3.2, and degenerate cases (for a = 0 , or b = 0 ) are catalogued in Fig. 3.3. A dditional

notation for quotien t sequences is needed for these t yp es, as summarized in the table:

Sym b ol The quotien t(s) is (are):

� marks the p osition of zero

Q

i

= Q

j

equal

Q

i

1 at p ositiv e in�nit y (when a

�

= 0 , and b

�

> 0 )

1 Q

j

at negativ e in�nit y (when a

�

= 0 , and b

�

< 0 )

Q

i

1 Q

j

b oth at in�nit y (p ositiv e or negativ e)

Q

i

% or %Q

j

unde�ned (when a

�

= b

�

= 0 )

Q

i

%Q

j

b oth unde�ned

Q

i

missing equal to 0

Also, some additional forms of solution sets sp eci�cation o ccur in in termediate and de-

generate cases. They denote sets that are thin in terv als, one-sided exterv als, or are equal

to other sets. The meaning of these denotations is ob vious.

In the diagrams for degenerate cases, when a = 0 the regions of the diagram represen t

di�eren t p ossible v alues of b , while for b = 0 the regions represen t p ossible v alues of a .

P ositioning a sequence ab o v e the gap in the Om axis means that it is v alid for b oth

thin and thic k in terv als (on and ab o v e the axis) lying b elo w the main diagonals. A

quotien t sequence con taining only a single sym b ol (� � �, or �%�) means that all quotien ts

are equal to it. On the other hand, the sequence S%T

�

means Z = L = 0 , S = T = 0 = 0 ,

�( a; 0) = �

�

( a; 0) = R , and �

�

( a; 0) = f 0 g .

The catalogues in Figs. 3.1, 3.2 and 3.3 w ere reorganized in comparison to the previ-

ously published v ersions [Kulpa 2003a;d] in order to pro vide unam biguous iden ti�cation

of quotien t sequences and facilitate searc h of the corresp onding subt yp es and solution

sets. As a result, the follo wing useful observ ation can b e form ulated:

Prop osition 2 (Uniqueness of quotien t sequences) Exc ept for a p air of de gener ate

typ es C

0

and Z

0

(Fig. 3.3b) , the quotient se quenc e (including the p osition of zer o and

p ossible sp e cial value indic ators) determines uniquely the subtyp e and arr angement of so-

lution sets. F or the two exc eptions, it su�c es to take into ac c ount whether the c o e�cient

a c ontains zer o inside in or der to uniquely sele ct appr opriate subtyp e and solution sets.

That is, there is a one-to-one corresp ondence b et w een sets of p ossible sequences, struc-

tural subt yp es and arrangemen ts of solution sets. As a result, the subt yp e (and the

arrangemen t of solution sets) can b e determined (barring the small exception of the t w o

degenerate subt yp es) b y calculating quotien ts only , without c hec king conditions on � a ,

� b , and signs of co e�cien ts.

Co de names of in termediate t yp es w ere pro vided for easy reference in the text, when

needed. Otherwise they ha v e no sp ecial signi�cance. The names are constructed as a

concatenation of names of corresp onding basic t yp es, with subscripts com bined in to a

single subscript. Sup erscripts

a

and

b

indicate that the corresp onding co e�cien t is thin.

In order not to clutter the diagrams unduly , most of the names for in termediate t yp es
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Figure 3.2: The diagrammatic catalogue of all subt yp es (including in termediate ones)

of in terv al equation a � x = b for a; b 6= 0 , and b : thin (a, b); thic k without zero (c, d);

with zero at endp oin t (e, f ); and with zero inside (g, h, i).
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Figure 3.3: The degenerate t yp es for a = 0 , i.e. 0 � x � b (a), and b = 0 , i.e. a � x � 0 (b).
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w ere omitted in Figs. 3.2 and 3.3, as they are in most cases easy to construct according

to the ab o v e rules. P ossible problems ma y b e resolv ed b y consulting the tabular listing

of all in termediate subt yp es pro vided in Section 3.2.

The detailed catalogue of Figs. 3.2 and 3.3 com bines information for all solution sets in

the form of annotated quotien t sequences (according to the co de explained in Fig. 2.3b).

Although it is comprehensiv e, it b ecomes somewhat clustered and incon v enien t for quic k

reference to assess the set of p ossible structures of an y particular solution set. There-

fore it is useful to pro duce simpli�ed catalogues of con�gurations separately for the three

solution sets considered. They are pro vided in Figs. 3.4�3.6. Instead of listing the quo-

tien t sequences, the solution sets con�gurations are pro vided in these diagrams. The

w edge-shap ed regions of the diagrams whic h de�ne conditions for the structural t yp e of

the giv en solution set are indicated b y arcs lab elled with a short co de denoting the con-

�guration of the set, according to the sp eci�cation in T able 3.1 b elo w. The co des are also

used in tabular listings of t yp es in Section 3.2.

T able 3.1: Explanation of short co des for solution set con�gurations.

Sym b ol The solution set is:

; empt y (no solutions)

� a negativ e in terv al

+ a p ositiv e in terv al

� 0 an in terv al ending with zero

0+ an in terv al starting with zero

� 0 an in terv al con taining zero inside

�1 an exterv al

�1 a negativ e one-sided exterv al

+ 1 a p ositiv e one-sided exterv al

0 equal to f 0 g

� t a negativ e n um b er

+ t a p ositiv e n um b er

� t t w o n um b ers (of opp osite signs)

R the set of all real n um b ers

� equal to �

�

� equal to �

�
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Figure 3.4: Diagrammatic catalogue of tolerance solution set con�gurations

for co e�cien t b : without zero (a, b); with zero at endp oin t (c, d);

with zero inside (e), and equal to zero (f ).
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Figure 3.5: Diagrammatic catalogue of con trol solution set con�gurations

for co e�cien t b : without zero (a, b); with zero at endp oin t (c, d);

with zero inside (e), and equal to zero (f ).
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Figure 3.6: Diagrammatic catalogue of united solution set con�gurations

for b : without zero (a, b); with zero at endp oin t (c, d); and with zero inside (e).



20 Chapter 3. Catalogue of structural t yp es

3.2 Detailed reference tables

The catalogues of subt yp es are also compiled in tabular form. The tables include also the

prop osed names for all subt yp es. The column mark ed �Fig. 3.2� con tains a link to the

sub�gure con taining the corresp onding t yp e.

Next, the sp eci�cation of solution sets is giv en � after the short denotation as sp eci�ed

in T able 3.1, the de�nition of the set in terms of quotien ts is giv en, where appropriate.

T able 3.2 lists basic t yp es depicted in Fig. 3.1. The table do es not con tain a column for

the solution set �

=

= �

�

\ �

�

, b ecause for the basic t yp es the solution sets �

�

and �

�

are alw a ys nonin tersecting. The solution set �

=

exists only for some in termediate t yp es,

namely when the co e�cien t a lies on the axis O b (i.e., when � a = � b ). The listing of

solution sets con�gurations for all in termediate t yp es (depicted in Fig. 3.2) is giv en in

T ables 3.3a and 3.3b. Finally , T able 3.4 con tains sp eci�cation of degenerate t yp es (when

a = 0 or b = 0 , see Fig. 3.3).

T able 3.2: Detailed description of basic t yp es and their solution sets.

Quotien t Conditions Fig. Solution sets

T yp e

sequence a 6= 0 ; b 6= 0 3.2 �

�

�

�

�

N 0 < � a < � b < 1

� + TZSL � a < 0 ; b > 0 c � : [Z, S] ; � : [T, L]

+ � LSZT � a > 0 ; b < 0 d � : [S, Z] ; � : [L, T]

� � � ZTLS a < 0 ; b < 0 d + : [T, L] ; + : [Z, S]

++ � SL TZ a > 0 ; b > 0 c + : [L, T] ; + : [S, Z]

Z 0 < � b < � a < 1

� + TSZL � a < 0 ; b > 0 c ; � : [S, Z] � : [T, L]

+ � LZST � a > 0 ; b < 0 d ; � : [Z, S] � : [L, T]

� � � ZL TS a < 0 ; b < 0 d ; + : [L, T] + : [Z, S]

++ � STLZ a > 0 ; b > 0 c ; + : [T, L] + : [S, Z]

U 0 < � a < 1 < � b

� TZ � LS a < 0 g � 0 : [Z, L] ; � 0 : [T, S]

+ LS � TZ a > 0 g � 0 : [S, T] ; � 0 : [L, Z]

C 0 < � b < 1 < � a

� ST � ZL b < 0 d ; �1 : ]S, L[ �1 : ]T, Z[

+ ZL � ST b > 0 c ; �1 : ]Z, T[ �1 : ]L, S[

V ( X

a

) 1 < � a < � b

� SZ � L T

_

a

< 0 g � 0 : [Z, L] �1 : ]S, T[ R

+ ZS � TL

_

a

> 0 g � 0 : [S, T] �1 : ]Z, L[ R

Y ( X

b

) 1 < � b < � a

� SZ � TL

_

b

< 0 h � 0 : [Z, T] �1 : ]S, L[ R

+ ZS � L T

_

b

> 0 g � 0 : [S, L] �1 : ]Z, T[ R
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T able 3.3a: Detailed description of solution sets for in termedi ate subt yp es (�rst part).

Quotien t Conditions Fig. Solution sets

T yp e

sequence a 6= 0 ; b 6= 0 3.2 �

�

�

�

�

=

�

NZ 0 < � a = � b < 1

� + TS=ZL � a < 0 ; b > 0 c � t : S � � � : [T, L]

+ � LS=ZT � a > 0 ; b < 0 d � t : S � � � : [L, T]

� � � ZL=TS a < 0 ; b < 0 d + t : L � � + : [Z, S]

++ � SL=TZ a > 0 ; b > 0 c + t : L � � + : [S, Z]

N

a

0 = � a < � b < 1

� + Z=TL=S � a < 0 ; b > 0 c � : [Z, L] ; ; �

+ � L=SZ=T � a > 0 ; b < 0 d � : [L, Z] ; ; �

� � � Z=TL=S a < 0 ; b < 0 d + : [Z, L] ; ; �

++ � L=SZ=T a > 0 ; b > 0 c + : [L, Z] ; ; �

Z

b

0 = � b < � a < 1

� + S=TL=Z � a < 0 ; b > 0 a ; � : [S, L] ; �

+ � L=ZS=T � a > 0 ; b < 0 b ; � : [L, S] ; �

� � � L=ZS=T a < 0 ; b < 0 b ; + : [L, S] ; �

++ � S=TL=Z a > 0 ; b > 0 a ; + : [S, L] ; �

NZ

ab

0 = � a = � b

� L=S=Z=T � sgn a 6= sgn b ab � t : L � � �

+ � L=S=Z=T sgn a = sgn b ab + t : L � � �

UN 0 < � a < � b = 1

� + TZ � a < 0 ;

_

b

> 0 e � 0 : [Z, 0] ; ; � 0 : [T, 0]

+ � LS � a > 0 ;

_

b

< 0 f � 0 : [S, 0] ; ; � 0 : [L, 0]

� � � LS a < 0 ;

_

b

< 0 f 0+ : [0, L] ; ; 0+ : [0, S]

++ � TZ a > 0 ;

_

b

> 0 e 0+ : [0, T] ; ; 0+ : [0, Z]

UN

a

0 = � a < � b = 1

� + Z=T � a < 0 ;

_

b

> 0 e � 0 : [Z, 0] ; ; �

+ � L=S � a > 0 ;

_

b

< 0 f � 0 : [L, 0] ; ; �

� � � L=S a < 0 ;

_

b

< 0 f 0+ : [0, L] ; ; �

++ � Z=T a > 0 ;

_

b

> 0 e 0+ : [0, Z] ; ; �

CY � b = 1 < � a

� S � L

_

b

< 0 f 0 �1 : ]S, L[ ; �

+ Z � T

_

b

> 0 e 0 �1 : ]Z, T[ ; �
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T able 3.3b: Detailed description of solution sets for in termediate subt yp es (second part).

Quotien t Conditions Fig. Solution sets

T yp e

sequence a 6= 0 ; b 6= 0 3.2 �

�

�

�

�

=

�

CZ 0 < � b < 1 = � a

� + ZL � S 1 T

_

a

< 0 ; b > 0 c ; �1 : ]Z, 1 [ ; �1 : ]L, 1 [

+ � L 1 ZST �

_

a

> 0 ; b < 0 d ; �1 : ]S, 1 [ ; �1 : ]T, 1 [

� � S 1 T � ZL

_

a

< 0 ; b < 0 d ; + 1 : ] 1 , L[ ; + 1 : ] 1 , Z[

++ � STL 1 Z

_

a

> 0 ; b > 0 c ; + 1 : ] 1 , T[ ; + 1 : ] 1 , S[

CZ

b

0 = � b < 1 = � a

� + L=Z � S 1 T

_

a

< 0 ; b > 0 a ; �1 : ]L, 1 [ ; �

+ � L 1 ZS=T �

_

a

> 0 ; b < 0 b ; �1 : ]S, 1 [ ; �

� � S 1 T � L=Z

_

a

< 0 ; b < 0 b ; + 1 : ] 1 , L[ ; �

++ � S=TL 1 Z

_

a

> 0 ; b > 0 a ; + 1 : ] 1 , S[ ; �

CU � a = � b = 1

� + %SZ � T 1

_

a

< 0 ;

_

b

> 0 e � 0 : [Z, 0] �1 : ]Z, 1 [ � t : Z R

+ � 1 LS � Z%

_

a

> 0 ;

_

b

< 0 f � 0 : [S, 0] �1 : ]S, 1 [ � t : S R

� � 1 S � L T%

_

a

< 0 ;

_

b

< 0 f 0+ : [0, L] + 1 : ] 1 , L[ + t : L R

++ %L � TZ 1

_

a

> 0 ;

_

b

> 0 e 0+ : [0, T] + 1 : ] 1 , T[ + t : T R

U

a

0 = � a < 1 < � b

� Z=T � L=S a < 0 g � 0 : [Z, L] ; ; �

+ L=S � Z=T a > 0 g � 0 : [L, Z] ; ; �

C

b

0 = � b < 1 < � a

� S=T � L=Z b < 0 b ; �1 : ]S, L[ ; �

+ L=Z � S=T b > 0 a ; �1 : ]L, S[ ; �

UV � a = 1 < � b

� 1 SZ � L T 1

_

a

< 0 g � 0 : [Z, L] ; ; R

+ 1 LS � TZ 1

_

a

> 0 g � 0 : [S, T] ; ; R

VY 1 < � a = � b

� + S=Z � L T

_

a

< 0 ;

_

b

> 0 g � 0 : [S, L] �1 : ]S, T[ � t : S R

+ � S=Z � TL

_

a

> 0 ;

_

b

< 0 h � 0 : [S, T] �1 : ]S, L[ � t : S R

� � SZ � L=T

_

a

< 0 ;

_

b

< 0 h � 0 : [Z, L] �1 : ]S, L[ + t : L R

++ ZS � L=T

_

a

> 0 ;

_

b

> 0 g � 0 : [S, L] �1 : ]Z, L[ + t : L R

V

s

S=Z � L=T

_

a

=

_

b

= 0 i � 0 : [S, L] �1 : ]S, L[ � t : {S, L} R
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T able 3.4: Detailed description of solution sets for degenerate subt yp es.

Quotien t Solution sets

T yp e

sequence

Condition

�

�

�

�

�

=

�

a = 0 ; b 6= 0 , Fig. 3.3a

Y

0

L 1 S � Z 1 T � b > 1 R ; ; R

N

0

� b < 1

� L 1 S 1 Z 1 T � b < 0 ; ; ; ;

+ � L 1 S 1 Z 1 T b > 0 ; ; ; ;

YN

0

� b = 1

� L 1 S � Z%T

_

b

< 0 R ; ; R

+ L%S � Z 1 T

_

b

> 0 R ; ; R

b = 0 ; a 6= 0 , Fig. 3.3a

C

0

� � a > 1 0 R 0 R

Z

0

� � a < 1 0 0 0 0

CZ

0

� a = 1

� S%T �

_

a

< 0 0 R 0 R

+ � L%Z

_

a

> 0 0 R 0 R

a = b = 0 , Fig. 3.3

00 % R R R R
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3.3 The solution t yp es subroutine

A Mathematica

r

noteb o ok implem e n ting the tables of t yp es has b een dev elop ed and is

a v ailable for in terested readers up on request. It con tains the function

onedsets[ a ; a ; b ; b ]

whic h calculates and prin ts the follo wing results:

� the equation [ a ; a ] x = [ b ; b ] ;

� parameters � a; � b; mid a; mid b ;

� v alues of the quotien ts L, S, Z, and T;

� structural t yp e of the co e�cien ts of the equation and its quotien t sequence in the form

describ ed at the b eginning of Section 3.1;

� sp eci�cation of the four solution sets �

�

, �

�

, �

=

, and � of the equation.

Sev eral examples follo w, to illustrate the w ork of the routine.

onedsets[ 2 ; 5 ; � 1 ; 2 ]

[2 ; 5] x = [ � 1 ; 2]

� a = 3 = 7 ; � b = 3 ; mid a = 7 = 2 ; mid b = 1 = 2

L = � 1 = 2 , S = � 1 = 5 , Z = 1 , T = 2 = 5

U+ LS � TZ

�

�

= [ � 1 = 5 ; 2 = 5] ,

�

�

= ; ,

�

=

= ; ,

� = [ � 1 = 2 ; 1]

onedsets[ � 1 ; 2 ; � 2 ; � 2 ]

[ � 1 ; 2] x = [ � 2 ; � 2]

� a = 3 ; � b = 0 ; mid a = 1 = 2 ; mid b = � 2

L = 2 , S = � 1 , Z = 2 , T = � 1

Cb � S=T � L=Z

�

�

= ; ,

�

�

= ( �1 ; � 1] [ [2 ; 1 ) ,

�

=

= ; ,

� = ( �1 ; � 1] [ [2 ; 1 )

onedsets[ 2 ; 2 ; � 2 ; 0 ]

[2 ; 2] x = [ � 2 ; 0]

� a = 0 ; � b = 1 ; mid a = 2 ; mid b = � 1

L = � 1 , S = � 1 , Z = 0 , T = 0

UNa + � L=S �

�

�

= [ � 1 ; 0] ,

�

�

= ; ,

�

=

= ; ,

� = [ � 1 ; 0]
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onedsets[ 0 ; 2 ; 2 ; 2 ]

[0 ; 2] x = [2 ; 2]

� a = 1 ; � b = 0 ; mid a = 1 ; mid b = 2

L = 1 , S = 1 , Z = 1 , T = 1

CZb++ � S=TL 1 Z

�

�

= ; ,

�

�

= [1 ; 1 ) ,

�

=

= ; ,

� = [1 ; 1 )

onedsets[ 0 ; 2 ; 0 ; 0 ]

[0 ; 2] x = [0 ; 0]

� a = 1 ; � b = 1 ; mid a = 1 ; mid b = 0

L = %, S = 0 , Z = %, T = 0

CZ0+ � L%Z

�

�

= [0 ; 0] ,

�

�

= ( �1 ; 1 ) ,

�

=

= [0 ; 0] ,

� = ( �1 ; 1 )

The routine can b e used in other algorithms for calculation of v arious c haracteristics

of solution sets of the general in terv al equation Ax = b , lik e that describ ed in [Kulpa

2005]. F or that it should b e appropriately stripp ed of unneeded parts in v olving prin ting

and calculation of parameters not used in the main algorithm.
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