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Notations
� A � B means Aij � Bij for each i; j,� e = (1;1; : : : ;1)T ,� Y = fy 2 Rn; jyj= eg= the set of all �1-vectors.
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Basic tool: matrices Ayz
For a given square interval matrixA = [A;A] = fA; A � A � Agand for y; z 2 Y we de�ne a matrix Ayz by(Ayz)ij = ( Aij if yizj = �1;Aij if yizj = 1(i; j = 1; : : : ; n):Hence Ayz 2 A for each y; z 2 Y .
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Main point
All the subsequent properties will be formu-lated in terms of matrices Ayz.Each Ayz satis�es(Ayz)ij 2 fAij; Aijg;i.e., it is a \vertex matrix".But there are \only" 22n matrices Ayz com-pared to 2n2 vertex matrices.
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Part One:Matrix Properties
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Regularity
De�nition. An interval matrix A is calledregular if each A 2 A is nonsingular.Theorem 1. A is regular if and only if(detAyz)(detAy0z0) > 0for each y; z; y0; z0 2 Y .Theorem 2. The problem is NP-hard.
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Positive (semi)de�niteness
De�nition. An interval matrix A is calledpositive (semi)de�nite if each A 2 A is posi-tive (semi)de�nite.Theorem 1. A is positive (semi)de�nite ifand only if 12(Ayy +ATyy)is positive (semi)de�nite for each y 2 Y .Theorem 2. The problem is NP-hard.
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Stability
De�nition. An interval matrix A is calledstable if each A 2 A is stable, i.e., Re� < 0for each eigenvalue � of A.Theorem 1. A symmetric A = [A;A] (i.e.,both A, A symmetric) is stable if and only ifA�y;y is stable for each y 2 Y .Theorem 2. The problem is NP-hard.
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Part Two:Linear Equations andMatrix Inversion

9



Reminder and add'l notation
For A = [A;A] we have de�ned(Ayz)ij = ( Aij if yizj = �1;Aij if yizj = 1(i; j = 1; : : : ; n).Similarly, for b = [b; b] = fb; b � b � bg wede�ne (by)i = ( bi if yi = 1;bi if yi = �1(i = 1; : : : ; n) for each y 2 Y .Again, by 2 b for each y 2 Y .
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Linear interval equations
De�nition. For Ax = b, we de�ne [x; x] asthe interval hull of the solution setX = fx; Ax= b for some A 2 A; b 2 bg.Theorem 1. If A is regular, then we havex = miny;z2Y A�1yz byx = maxy;z2Y A�1yz by(min/max componentwise).Theorem 2. The problem is NP-hard.
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Inverse interval matrix
De�nition. For a regular A, we de�ne [B;B]as the interval hull of the set fA�1; A 2 Ag.Theorem 1. For a regular A we haveB = miny;z2Y A�1yzB = maxy;z2Y A�1yz(min/max componentwise).Theorem 2. The problem is NP-hard.
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Nonnegative invertibility
De�nition. A is called nonnegative invertibleif A�1 � 0 for each A 2 A.Theorem 1. A = [A;A] is nonnegative in-vertible if and only if A�1 � 0 and A�1 � 0.Theorem 2. The problem is solvable in poly-nomial time (!).
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Part Three:Interval Linear Systems(Rectangular Case)
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Reminder and clari�cation
From now on we assume that A is rectangularm� n and that b is m-dimensional.Again, (Ayz)ij = ( Aij if yizj = �1;Aij if yizj = 1where y and z arem-dimensional and n-dimensional�1-vectors, respectively.
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Solvability of linear equations
De�nition. Ax = b is called solvable if Ax = bhas a solution for each A 2 A, b 2 b.Theorem 1. Ax= b is solvable if and only ifAyex0 �A�y;ex00 = byx0 � 0; x00 � 0has a solution for each y 2 Y .Theorem 2. The problem is NP-hard.
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Solvability of linear inequalities
De�nition. Ax � b is called solvable if Ax � bhas a solution for each A 2 A, b 2 b.Theorem 1. Ax � b is solvable if and only ifAx0 �Ax00 � bx0 � 0; x00 � 0has a solution. (In this case x= x0�x00 solveseach Ax � b, A 2 A, b 2 b.)Theorem 2. The problem is solvable in poly-nomial time (!).
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Tolerance solutions
De�nition. x� is called a tolerance solutionto Ax= b if Ax� 2 b for each A 2 A.Theorem 1. Ax= b has a tolerance solutionif and only if Ax0 �Ax00 � b�Ax0+Ax00 � �bx0 � 0; x00 � 0has a solution (x� = x0�x00 is then a tolerancesolution).Theorem 2. The problem is solvable in poly-nomial time (!).
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Control solutions
De�nition. x� is called a control solution toAx = b if for each b 2 b there is an A 2 Awith Ax� = b.Theorem 1. Ax = b has a control solutionif and only if Aezx � bA�e;zx � b(diag(z))x � 0has a solution for some z 2 Y (x is then acontrol solution).Theorem 2. The problem is NP-hard.

19



Linear programming I
De�nition. For a linear programming prob-lem minimize cTxs.t. Ax= b; x � 0put f(A; b; c) = inffcTx; Ax= b; x � 0g:Given A, b, c, de�nef = infff(A; b; c); A 2 A; b 2 b; c 2 cgf = supff(A; b; c); A 2 A; b 2 b; c 2 cg(\range of optimal value").
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Linear programming II
Theorem 1. Let the values' = inffcTx; Ax � b; Ax � b; x � 0g' = supy2Y f(Aye; by; c)be �nite. Then f = 'f = ':
Theorem 2. Computing f is polynomial-timeand computing f is NP-hard (!).
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Summary
Features observed:� all the problems considered can becharacterized in terms of matricesAyz and vectors by (y; z 2 Y ),� most of these problems are NP-hard,� only a few are solvable in polynomialtime.
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Conclusion
Hence, the main task of validated computa-tions consists in providing \reasonable" suf-�cient conditions or enclosures for NP-hardproblems.

Your turn now!
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