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Abstract. The paper presents a two-dimensional graphical representation for the space of intervals
and interval relations. It consists of the representation of the space of all intervals (the IS-diagram), and
two diagrammatic representations of the space of relations between intervals: the W-diagram (based on
the IS-diagram), and lattice diagram (for the neighbourhood lattice of the set of basic relations). Also, a set
of new graphical symbols for the interval relations is proposed. Examples of application of the proposed
representations to represent knowledge about interval algebra and certain interval problems are given, to
illustrate the possibilities and advantages of the proposed representation.
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1. Introduction

As was stated by Simon [2]: “...solving a problem simply means representing it so as
to make the solution transparent.” Not surprisingly, the problem of finding appro-
priate representations of various types of knowledge is a subject of continued
research in the field of artificial intelligence and related fields since the beginning
of these disciplines. In fact, much of the progress in science in general, and mathe-
matics in particular, consisted of finding new representations of various phenom-
ena or formal constructs: from diagrams of Euclid, through calculus notation of
Newton and Leibnitz, to Feynman quantum particle diagrams, and many others.
Devising a new way of representing knowledge about some phenomenon, formal
system, or problem class offers new means of effective description of the domain
objects and new possibilities of reasoning about them and solving problems
involving them.

Since some time, so-called diagrammatic representations (and associated dia-
grammatic reasoning methods) gain considerable interest and popularity, as they
often provide more effective means than other representations for storing, using
and presenting complex information and knowledge, see, e.g., the survey paper
[18]. The diagrammatic (visual) representation uses diagrams to represent data
and knowledge. Diagrams are a kind of analogical (or direct) knowledge represen-
tation mechanism that is characterised by a parallel (though not necessarily iso-
morphic) correspondence between the structure of the representation and the
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6 Diagrammatic representation for a space of intervals

structure of the represented. E.g., relative positions and distances of certain marks
on a map are in direct correspondence to relative positions and distances of the
cities they represent, whereas in a propositional representation, its parts or
relationships between them need not correspond explicitly to any parts and
relations within the thing denoted. The analogical representation can be said to
model or depict the thing represented, whereas the propositional representation
rather describes it. A similar distinction can be made regarding the method of
retrieving information from the representation. The needed information can usu-
ally be simply observed (or measured) in the diagram, whereas it must be inferred
from the descriptions of the facts and axioms comprising the propositional
representation.

Despite objections to the effect that diagrammatic reasoning can be considered
at most as an heuristic aid for the truly precise and formal thinking based on
propositional logic, recent research has shown that it is quite possible to formalise
diagrammatic reasoning so as to make it no less precise and formal than logical
reasoning [14, 22, 23].

It should be noted, however, that rarely any single approach to knowledge rep-
resentation solves all problems and is the best in all circumstances — hence the
necessity of hybrid systems of representation and reasoning, with diagrammatic
methods often constituting an important ingredient of the whole, see e.g. [20].

The research concerning the interval relations as described here originated in
the field of reasoning about time (where the intervals were considered time inter-
vals, hence the time-domain terminology appearing here sometimes) [3, 4, 5, 9, 11,
13, 15]. However, both the interval relations algebra and its proposed representa-
tion are useful in many other fields, among others spatial reasoning [7, 17], quali-
tative analysis of physical systems (qualitative physics), see e.g. [6, 16, 20], and
research on reliability of numerical computations and optimisation [8, 12].

The paper starts with a short introduction to the basics of interval algebra and
interval relations. Then, a two-dimensional, diagrammatic representation of the
space of intervals, called an IS-diagram (introduced by Kulpa [21]), is elaborated. It
constitutes an extension and refinement of the representation proposed by Rit [4]
and used to illustrate the concept of convex interval relations by Noékel [11] and
Ligozat [19]. Another diagrammatic notation based on it, called a W-diagram, is
useful in investigations of interval relations and proving theorems about them, as
was shown by Kulpa in [21, 24]. Additional diagrammatic notation, namely the
lattice diagram, representing the neighbourhood structure of the set of relations
[11, 13, 24], is also introduced. A set of new graphical symbols for the interval
relations is proposed. Usefulness of these diagrams is illustrated with several
examples of representing knowledge about interval algebra and certain interval
problems. An application of the representation to prove the equivalence of different
characterisations of convex interval relations has been described by the author
elsewhere [24].

Machine GRAPHICS & VISION vol. 6, no. 1, 1997, pp. 5-24.



Zenon Kulpa 7

2. Intervals: Notation and Basic Definitions

The interval notation adopted for the purpose of this paper is essentially that of
Ratschek and Rokne [12], with some minor simplifications.

An interval is an ordered pair u = [eq, egl, where ey and eg (endpoints of the
interval) are elements of some (at least partially) ordered set E (called the base set),
such that ey < eg. The interval is called thick if eq # eq; thin (or point) interval if e
= eg . The beginning and end of the interval u are denoted by lb  and ub u, re-
spectively. Thus, u = [lb u, ub u]. To simplify notation, we will usually identify an
interval with a set of elements lying between its endpoints: u = {e | b u <e < ub u}.

In the paper we will be concerned mostly with real intervals, i.e. intervals
defined over the set of real numbers. The set of all such intervals will be denoted by
IR and called a (real) interval space. For real intervals, the midpoint, radius and
width of the interval are defined, respectively, as follows (see also Fig. 1):

midu =0bu +ubu)/2,

radu =(ubu-1lbu)/2,

widu =ubu-lbu =2radu.

A
\i

U ]

V=

Fig 1. A (real) interval and its basic parameters

An interval i is called to lie between two intervals v and v, if the endpoints of i
lie between the corresponding endpoints of © and v, i.e.:

min(b u, Ib v) <1b i < max(lb «, 1b v), and

min(ub u, ub v) < ub i < max(ub u, ub v).

The set of all (proper) intervals lying between u and v, denoted by O(u, v), will be
called a lozenge. The concept of a lozenge is related to the concept of pairs of
intervals called “twins” introduced in [1] — one of basic interpretations of a twin (as
a set of intervals) is the lozenge defined by elements of the twin.

There are many possible definitions of the in-between relation in the space of
intervals. The choice of the particular definition determines also the definition of
corresponding metric in the space of intervals (not used here) as well as the defini-
tion of convexity of interval sets and relations (see Sec. 5). The definition above has
been chosen to conform with the structure of the space of arrangement interval
relations introduced in the next Section, and used extensively in reasoning about
time and space in Al and Qualitative Physics [3-7, 9-11, 13, 15-17, 201].
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3. Interval Relations

The basic notation for algebra of relations used in the paper is as follows. Let X, Y,
Z, Whbe sets. Then RO0X xY, Q OY x Z are (binary) relations; xRy means
(x,y) O R. As relations are sets, the union ROQ and intersection RnQ of relations
are defined straightforwardly:

x(ROQ)y = xRy OxQy, and

x(RNQ)y = xRy & xQy.

Notation R-Q (shortly: RQ) is used for a composition of relations:

xRQy = ([k) xRz & 2Qy.

A relation Rl such that yR'lx — xRy is called an inverse of the relation R.
Obviously, (R'1)"1 = R. Note that the notion of inverse relations is in most part a
notational convention — only positions of the arguments are exchanged, without
real change of the underlying relationship between them.

The notation:

WR={yOY | wRy & w O W}, and

RW={x0X | xRw & w O W}
denotes an image and coimage, respectively, of the set W under the relation R. An
image of a set under R coincides with its coimage under R’s inverse, i.e. WR = R"1W.
We will simplify {w}R and R{w} to wR and Rw, respectively.

The following distribution laws are also useful:

W(ROQ) = WROWQ, (ROQ)W = RWOQW,

W(RNQ) = WRnWQ, (RNQ)W = RWnQW.

An arrangement interval relation (AIR) is any relation between intervals (i.e., a
subset of IR x IR) that can be defined using only the order relation (and equality)
defined in their base set between interval endpoints, and logical connectives. Note
that some simple relations between intervals, e.g. the “equal width” relation, are
not arrangement relations.

Thirteen of the AIRs (minimal under the union of relations) constitute the set of
basic (or simple) interval relations (BIR) [3,9, 13], see Fig.2. New proposed
graphical symbols for the relations are also shown there. The symbols were chosen
to conform with the graphical arrangement of the intervals that belong to the given
relation — compare them with the diagrams in the second column of Fig. 2.
However, some of the symbols, as a result, violate the natural convention that
symbols for mutually inverse relations are usually made to be reflections of each
other with respect to the vertical axis (as it holds for the first three pairs of
relations, like “<” and “>” in Fig. 2). The remedy for this would be to rotate the
symbols by 90 degrees, preferably counterclockwise. But this would in turn degrade
the intuitive similarity of the relation symbols with corresponding arrangements of
intervals — the very reason for this particular choice of the symbols. However, the
reflection with respect to horizontal axis does produce inverse relations for all the
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Zenon Kulpa 9

new symbols (but now the pair “<” and “>” becomes an exception). Also, the
proposed symbols better conform with the structure of the W-diagram, see Fig. 6,
hence the final choice.

Symbols and names:

Basic interval relation here used classic [Allen 1983]
[ — << uw< v before <
v —_— << US> u after >
[ — < < U= v meets m
v _ &< U u met-by mi
u e << um v overlaps o
v — >< vIru overlapped-by oi
u P =< uUuom?v starts s
v _ >< vou started-by si
u —_— > <] un v during d
v —_— >< vIru contains di
U _— > <] uanov finishes f
v _— >= vmau finished-by fi
u — (=< u=1uv _
U —_— > b= u equal =
Conjunction diagram, a shortcut for: should be read as:
> -~
25

ab lbu ab lbualbv & lbububv &

cd uwbu €d] uwbuclbv &ubudubv

a,b,c,d -required condition;

a, b,c,d  -follows from others;

empty - no restriction

Fig 2. Basic interval relations and the conjunction diagram
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10 Diagrammatic representation for a space of intervals

The relations are defined with classic interval diagrams and with the help of
square conjunction diagrams denoting the conjunction of relations between interval
endpoints. Relations shown in boldface are required; the other follow from the
interval definition (Ib « < ub u) and transitivity of ordering relation. Contrary to
the initial claim by Freksa [13, p. 202] that all basic relations can be defined by at
most two relations between the interval endpoints, two of them (the overlap rela-
tions) require the specification of at least three such relations.

All AIRs are unions of BIRs, and the set AIR is closed under union, intersection
and composition of relations. There are some other subclasses of AIRs, wider than
the BIR class. Two of them are worth mentioning here:

e the convex interval relations (CIRs), important in applications [5, 9, 10, 11, 13],
and discussed in more details in Sec. 5 below,

e the pointisable interval relations (PIRs), a little wider class than CIR, sharing
with it some useful properties (see Sec. 5) [9, 15], though not discussed further
in this paper.

The inclusions BIR 00 CIR O PIR 0O AIR hold for these classes.

4. Interval Space Diagrams

4.1. The IS-diagram

To uniquely define an interval, two numerical parameters are necessary, hence the
space of intervals is two-dimensional. Different pairs of parameters can be used as
co-ordinates of the interval space. The most obvious is the endpoints space (eq, eg)
[4]. It is not very convenient, however, as the set of (proper) intervals occupies the
“skewed” half-plane above the diagonal. Other natural choices of co-ordinates are
better in this respect. The centred space (mid u, rad u) has particularly convenient
properties for our purposes, and thus constitutes the basis of the IS-diagram
representation of interval space, see Fig. 3. A very similar (mid «, wid ) space has
been considered by Kulpa in [21].

As rad u = 0 always, the space of (thick) intervals occupies the half-plane above
the m = mid u axis (with thin intervals on the axis). Points below this axis may be
considered as representations of “improper” intervals (for which e; > e9). This inter-
esting extension will not be further pursued in this paper.
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a) ra -
rad u ¢
1
ot
=
=
thin —» o
intervals 0 } { m
ub u
b)
C
b, Ci % m

All intervals starting at a.
All intervals of radius b starting after b,.

All intervals not longer than 2¢
centered between ¢, and ¢,.

All intervals lying inside the interval .

O O

Fig 3. The IS-diagram of the space of relations (a),
and representations of various sets of intervals (b)
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12 Diagrammatic representation for a space of intervals

Sets of intervals can be conveniently represented on the IS-diagram. They cor-
respond to lines (one-dimensional sets) or regions on the (m,r) plane. Several
illustrative examples are shown in Fig. 3b. Note that the set D (without the
boundary) represents an image of one of the basic interval relations (the relation
“contains”). If we consider the boundary of the region as belonging to the set, the
closed set D will now represent the non-basic interval relation equal to the union of
four BIRs (contains O started-by O finished-by O equal) which might be named
“covers”, cf. Fig. 2 and the P relation of Figs. 7a and 8a.

Various interval relations and transformations have also convenient representa-
tions on the IS-diagram. In particular, the horizontal and vertical moves on the
diagram correspond to translation (constant width) and zooming (constant position)
transformations, respectively, while the diagonal moves correspond to interval
transformations leaving one endpoint unchanged (single-end stretching), see Fig. 4.

Translation: Zooming:
constant width transformation constant position transformation
(horizontal move) (vertical move)
r A r
rad = const i

1 &>

' e ‘ m mid = const m

f { ]
I / \ ‘
Stretching:

constant endpoint transformations
(diagonal moves)

r r

& N %
A\ Q
QO A\
e (&)
v O/)
© /\ /\@z N
|—{ |—i n
/

™
\

Fig 4. Basic interval transformations
as represented on the IS-diagram
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Zenon Kulpa 13

As shown in Fig. 5, representation of various cases of the in-between relation
causes no problems on the IS-diagram — the lozenges are simply rectangles tilted
by 45 degrees (in some cases, cut off by the m axis: remember that we do not take
into consideration the “improper” intervals located below the axis). Classic one-
dimensional representation of intervals is far less convenient in this respect,
especially in some cases (e.g., non-overlapping intervals). Note also, that a diagonal
line obtained as a trace of the single-end stretching transformation is also a (one-
dimensional) lozenge defined by its endpoints, namely the original interval and the
result of the transformation.

ra -

|
b i | f
Q(a, o W T —— LT - n
: : : : i i (ev f)
g : : e =l
; : Awkward to represent
Ci i in the 1-D notation
A
O (e, ) I e R

Fig 5. Representation of the in-between relation:
lozenges on the IS-diagram versus classic representation

4.2. The W-diagram

Sets of intervals are easily representable on the IS-diagram, and so are the images
and coimages of interval relations. Representing images (or coimages) of all BIRs
on the IS-diagram leads to the so-called W-diagram. The lines and regions in the
image W-diagram (Fig. 6a) constitute the images (on the IS-diagram) of an arbi-
trary (thick) interval u under all 13 BIRs. The images are labelled by graphical
symbols of corresponding relations. Since uR = Rlu, the coimage diagram is essen-
tially the same, only with relations changed to their inverses (inverse relations are
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14 Diagrammatic representation for a space of intervals

[{))

placed on the diagram symmetrically with respect to the relation). Hence, in the
sequel the term W-diagram will usually mean “any of the two”, whichever fits the
current context best (which usually means the image W-diagram).

As can be easily seen from the diagram, all BIRs are disjoint and cover the
whole space of intervals, i.e. every pair of intervals belongs to exactly one of these
relations. Strictly speaking, this holds exactly only for thick intervals. E.g., if one of
the intervals is thin and coincides with the endpoint of the other, there is
ambiguity as to the proper relation holding between them. It can be resolved at the
cost of introducing two additional basic relations, or else we may restrict the
analysis to thick intervals only. Unless otherwise specified, the latter approach will
be assumed in the following, as being simpler and sufficient for the purposes of this
paper (as well as for most practical purposes [3, 13]).

Fig 6. The image (a) and coimage (b) W-diagram of basic interval relations

r

Sy

r

m

The diagram shows that the basic relations fall into three distinct classes
according to the dimensionality of their images: 0-dimensional (a point; the “=”
relation only), I-dimensional (lines), and 2-dimensional (regions). Not surprisingly,
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the dimensionality corresponds (inversely) to the number of “=” conditions in the
conjunction of terms relating the interval endpoints in the definition of the relation
(see Fig. 2). Note also that all images of BIRs are open, i.e. regions do not contain
their borders and lines their endpoints.

The W-diagram can be used as a basis of convenient graphical representation of
arrangement interval relations and operations on them, see examples below.

4.3. The lattice of basic relations

Two interval relations are considered neighbours if their images can be linked by a
diagonal move (i.e., by changing continuously only one endpoint of one interval, see
Fig. 4) which does not cross an image of any other relation. Alternative definition
says that two relations are neighbours if there exists a pair of intervals, one
belonging to the image of the first relation, the other to the image of the second
relation, such that the lozenge defined by them is fully contained within the (union
of) images of these two relations.

Linking two basic relations with the edge when the two relations are neigh-
bours produces a graph (Fig. 7a, called the A-neighbourhood graph in [13]) which,
when turned into vertical position (with the right-hand node of the diagram on
top), can be considered as a Hasse diagram of the lattice of basic relations Lgrp
[11]. Freksa [13] used simplified diagrams of this kind as iconic symbols for AIRs
(see also examples in Fig. 8 below). The nodes of the lattice graph are colour-coded
in Fig. 7a according to the dimensionality of the corresponding relations; note that
neighbour nodes differ in dimensionality by exactly one.

The structure of the lattice mirrors closely the structure of the W-diagram
(compare Figs. 7a and 6a). An isomorphic dual lattice (with the lattice diagram put
upside-down) corresponds to the coimage W-diagram. As a lattice defines partial
order in a set, we can define intervals (quotient sublattices) over the set BIR. Two
examples of such intervals are shown in Fig. 7; unions of relations belonging to
such intervals (like the relations P and Q shown here, see also Fig. 8a) have some
special properties, as described below. The construction of such relations can be
made more clear when nodes of the lattice are replaced with the W-diagrams of
corresponding relations, see Fig. 7b.

4.4. Example relations in diagrammatic representations

Four examples of AIRs, defined by means of formulas in the algebra of relations,
the W-diagram notation, logical formulas depicted as conjunction diagrams, and as
subsets of the lattice of basic relations (similar to icons used by Freksa [13]) are
shown in Fig. 8. The relations are also described by the semantically meaningful
English names.
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a) Ry 5 =U[A, B]
neighbourhood
relation -
=0OLUTL UL
SRNE ®
>—® s
min max
0-D 1-D 2-D =ouUu=uTtrum
\ - e
PRGN

T
Fig 7. The lattice L of basic interval relations:

with relation symbols (a), and their W-diagrams (b) as nodes;
the example relations P and Q defined as intervals in the lattice

Note that the relations Y and V (Fig. 8b) have a different “look” than P and Q
(Fig. 8a): they seem more complicated, require disjunctive logical formulas to
define, and their W-diagrams and lattice diagrams look differently too — one may
say, they look less compact. The observation is indeed significant — the P and Q
relations belong to the important subclass of convex relations, as discussed in Sec. 5
below, whereas the relations Y and V are not convex.
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a) P=z=pgu=utrum

<<
>2

&

(“covers”)

b) Y=moumu=um

<<
><

\

<
>=

17

(“extended-up-by”)

V= moguoumud>

<, >>

5

(“overlapped-by

or tail-to-tail with™)

A >>7 > >

-

(“surviving contemporary of
or after’)

Fig 8. Some example relations and their diagrammatic representations

5. Convex interval sets and relations

The property of convexity of sets (and relations) is important in many respects and
has a lot of uses, both in theoretical considerations and practical applications. The
importance of convex interval relations (CIRs) comes from at least two facts:

¢ They constitute a class of relations coinciding more or less exactly with those
that are common and natural in everyday reasoning involving intervals, espe-
cially reasoning about time and space [5, 7, 9, 11, 13, 17].
¢ Algorithms for solving several important problems involving networks of con-
straints between intervals are tractable (of polynomial complexity) within the
CIR class (strictly speaking, this holds also for a wider class PIR of pointisable
relations [9, 15]), whereas these problems often become NP-complete when other

relations are also allowed [3, 9, 10, 11].

5.1. Definition and diagrammatic examples

Once the in-between relation is defined, the concept of a convex set follows natu-
rally. The set S of intervals is convex, iff for every pair of intervals u, v O S, also
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w O 8 for every interval w lying between u and v. It is easy to formulate the defini-
tion in diagrammatic terms also: The set S of intervals is convex, iff any lozenge
with opposite corners in S is fully contained in S. Fig. 9 illustrates the concept with
examples of some non-convex sets of intervals.

Lozenge points
outside the set

"

r A

interior of the set

part of a boundary
belonging to the set

lozenge defined by
the marked points

Fig 9. Examples of non-convex sets of intervals

The convexity of (arrangement) interval relations is defined analogously. The
interval relation R is convex, iff for any intervals i, u, v such that iRu and iRv, also
iRw for every interval w lying between u and v. Again, in more diagrammatic
terms, the interval relation R is convex, iff any lozenge with opposite corners in the
image (or coimage) of R is fully contained in this image (or coimage) — that is, if its
image (or coimage) in the IS-diagram is a convex set of intervals. Relations P and Q
in Fig. 8a are convex, whereas relations Y and V in Fig. 8b are non-convex. We can
easily verify this diagrammatically, using the W-diagram representations of these
relations in Fig. 8 and the definition given above.

5.2. Equivalence theorem

As we have seen in the previous Section, there are at least two different definitions
of convex interval relations. In fact, other definitions are also possible, as stated by
the following:

Theorem 1. For arrangement interval relations, all the definitions (listed below) of
convex interval relations are equivalent. An interval relation R is in CIR iff:
[Primary characterisation] — for any interval i and every pair of intervals u, v such
that iRu and iRv, also iRw for every interval w lying between u and v.
[W-diagram characterisation] — its image (or coimage) in the W-diagram includes
together with any two intervals also the lozenge defined by these intervals.
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[Lattice characterisation] — it is a union of all relations belonging to some interval
(including thin intervals) over a lattice Lgyp of basic interval relations [11].

[Term characterisation] — it can be defined as a conjunction of simple terms
involving only relations in the set {<, 2, <, >, =} defined in the base set between
interval endpoints, (i.e., the order relation, its inverse and their negations, plus
equality) [9].

Diagrammatic reasoning using the diagrams described here has been shown to
be very useful as a tool for proving the above theorem, see another paper by the
author [24] for the diagram-aided proof of the theorem. The reader is encouraged to
verify the various characterisations given in the theorem on the example interval
relations P, Q, Y, and V (Figs. 7 and 8).

5.3. Decomposition of convex relations

In the course of proving some of the equivalencies in the above theorem (see [24] for
details), two other lattice diagrams turned out to be useful. First, note that any
interval [ in Lgrp can be obtained as an intersection of two other intervals. One of
them is defined by the lowest element of the lattice and the end of the interval /,
and the other defined by the beginning of the interval [ and the uppermost element
of the lattice (see Figs. 7 and 10ab). Such “lower-end” and “upper-end” intervals are
called ideals and filters in the lattice theory terminology. Every element of a lattice
defines its ideal and its filter, and the sets of ideals and filters constitute their own
lattices, isomorphic with the original lattice.

Figures 10a and 10b give these lattices for Lpjp, labelled by W-diagrams of
relations defined by appropriate ideal and filter. The W-diagrams for the ideal and
filter relations are easily obtained as unions of W-diagrams associated with nodes of
Lpir (Fig. 7b) included in the given ideal or filter. Note that every relation corre-
sponding to an ideal is an inverse of a relation corresponding to a filter that is
placed symmetrically to it in the appropriate lattice, compare Figs. 10a and 10b.
Also, the ideal and filter relations are obviously convex (as being defined by certain
intervals in Lgrp).

Hence, as it was shown in [24], every convex interval relation can be decom-
posed into an intersection of two (also convex) interval relations corresponding to
the ideal and filter whose intersection gives the interval [, see the construction for
the relations P and Q in Fig. 10c.
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a) ideals: "lower-end" intervals
l,=U[>, R] = Fo

ol

b) filters: "upper-end" intervals
Fp=U[R,<] = I

. m]=[m.<]n[>"] [r,m] =[or <] [>,1T]
7 2- - A~ ]
Q = Fo N o P = Fr N g

Fig 10. The lattices of filters (a) and ideals (b) of the lattice Lpsp,
and construction of example relations P and Q (c)

6. “Meeting at Lunch” example

Since the IS-diagram is convenient as a tool to represent various sets of intervals, it
can be also used for solving various problems involving specifying such sets and
reasoning about them. An example problem of this type, let us call it the “Meeting
at Lunch” problem, may be formulated as follows:

“I want to meet someone during my lunch break. I will need at least 20
minutes to discuss the matter with the person, and my partner must depart

Machine GRAPHICS & VISION vol. 6, no. 1, 1997, pp. 5-24.



Zenon Kulpa 21

before 12:45pm. My lunch break may start not earlier than 11:30am and
must end at most at 1pm and may take from half an hour to an hour.
When can I arrange the meeting?”

d A
2"
Méeti ngs ’% 7
1" _Z:f [II/I] < " to an hour.:'.;
Lunches’ '
»- [L] i \ . from half an hour...
_.at least 20 minutes N N\
11:00 12:00 1:00 t
am pm pm

Fig 11. Diagrammatic translation of the “meeting at lunch” problem

As can be seen, various conditions highlighted in the problem formulation above
define certain sets of intervals, in particular the set of possible meetings M and the
set of possible lunches L. These conditions can be easily translated into diagram-
matic form, as shown in Fig. 11, where the conditions are written along or next to
the corresponding line segments forming the boundaries of the sets M and L.

After translating definitions of these sets into diagrammatic form, the problem
can be easily solved diagrammatically, as shown in Fig. 12. First, as the formula-
tion uses the condition “during my lunch break”, we must generate a coimage of the
set L of possible lunches under the interval relation “during”. This is easily done,
with the help of the W-diagram showing the coimage of a single interval under this
relation (Figs. 2 and 6b, see also the set D in Fig. 3b), as shown by the shaded area
(both light and dark) in Fig. 12. Why we must generate a coimage rather than an
image? We are looking for the set {x | x during L}, i.e., a set oL, and this means a
coimage, according to the definitions in Sec. 3. Note also, that “during the lunch
break” means different thing than “within the region L” in Fig. 11: The latter con-
tains all possible full lunches (i.e., intervals at least half an hour long, according to
the problem formulation), whereas the former includes also time intervals shorter
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than that but contained in some possible lunch (hence the shaded area extends also
below the region representing lunches).

A
o'
"’Méetings
1 T-. [M] . \ [-unches -
. v ] .
11:00 12:00 1:00 t
am pm pm
ol (...during my lunch break...)

Mo L (solution)

L coimage of L under relation o (during)
Fig 12. Diagrammatic solution of the “meeting at lunch” problem

Then, we are interested in all intervals that can represent a valid meeting (ac-
cording to the constraints imposed on the set M) and at the same time are
occurring “during the lunch break”, i.e., are members of the coimage L. This is
easily obtainable as an intersection of the set 0. L with the set M, as shown by the
dark shaded area in Fig. 12.

The obtained diagrammatic representation of the solution set can now be easily
translated back into textual form (with the help of correspondences shown in
Fig. 11), as follows:

“The meeting may start between 11:30am and 12:25pm, and will end between
11:50am and 12:45pm, taking from 20 minutes to an hour.”

From the diagram, without much further manipulations, we can also easily read
a number of other pieces of information about the situation described by the
problem. E.g., we can find that the longest, one-hour meeting might end not earlier
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than 12:30 (the end of the interval at upper left corner of the solution set), or that
to be sure that our “someone” will not waste more than half an hour of our precious
lunch time we should rather avoid scheduling it for earlier than 12:15.

7. Conclusions

A two-dimensional, diagrammatic representation of the space of intervals has been
elaborated and shown to be useful for representing knowledge and making infer-
ences about intervals and interval relations. The representation comprises several
diagrammatic tools, namely the interval space diagram (the IS-diagram), the dia-
grammatic representation of interval relations (the W-diagram), and auxiliary
diagrams: the conjunction diagram (for compact representation of logical defini-
tions of interval relations) and lattice diagram (of several lattices of interval
relations).

Further avenues of research include, among others, various possible extensions
of the representation (e.g., to handle multidimensional intervals (interval vectors),
improper intervals, and various areas of interval arithmetic), as well as formaliza-
tion of the representation and diagrammatic inference rules [14, 22, 23] needed for
use of the representation in formal reasoning within the algebra of intervals.
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