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Abstract

The paper introduces a two-dimensional graphical representation for
the space of intervals (the IS-diagram) and arrangement interval rela-
tions (the W-diagram). The usefulness of the representations is illus-
trated with the example of proving equivalence of different characteri-
zations of convex interval relations.

1. Introduction

As was stated by Simon in [1]: “...solving a problem
simply means representing it so as to make the solution
transparent.” In fact, much of the progress in science in
general, and mathematics in particular, consisted of
finding new representations of various phenomena or
formal constructs. Devising a new way of representing
knowledge about some phenomenon, formal system, or
problem class offers new means of effective description
of the domain objects and new possibilities of reason-
ing about them and solving problems involving them.

Since some time, so-called diagrammatic represen-
tations (and associated diagrammatic reasoning meth-
ods) gain considerable interest, as they often provide
more effective means—for storing, using and present-
ing complex information and knowledge—than other
representations, see the survey paper [2].

In this paper a two-dimensional, diagrammatic rep-
resentation of the space of intervals, called an IS-diag-
ram (introduced in [3]), is elaborated. It constitutes an
extension and refinement of the representation pro-
posed by Rit [4] and used to illustrate the concept of
convex interval relations by Nokel [5]. Another dia-
grammatic notation based on it, called a W-diagram, is
useful in depicting interval relations and operations on
them [3]. Usefulness of these diagrams is illustrated
with the example of proving equivalence of different
characterizations of convex interval relations [5, 9-11].

2. Intervals: Notation and Basic Definitions

The basic interval notation and terminology used in the
paper is that of Neumaier [6] and Ratschek and Rokne
[7]. An interval is an ordered pair u = [e], e,], where ¢
and e, (endpoints of the interval) are elements of some
(at least partially) ordered set E (called the base sef),
such that e| < e,. The interval is called thick if e| # e5;
thin (or point) interval if e = ey . The beginning and
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end of the interval u are denoted by 1b u and ub u, re-
spectively. Thus, u = [Ib u, ub u]. To simplify notation,
we will usually identify an interval with a set of ele-
ments lying between its endpoints: u = {ele| S e < ep}.

In the paper we will be concerned mostly with real
intervals, i.e. intervals defined over the set of real num-
bers. The set of all such intervals will be denoted by IR
and called a (real) interval space. For real intervals, the
midpoint, radius and width of the interval are defined,
respectively, as follows: mid u = (Ilbu +ub u) /2, rad u
=(ubu-lbu)/2, widu=ubu—-1Ibu=2rad u.

An interval i is called to lie between two intervals u
and v, if the endpoints of i lie between the correspond-
ing endpoints of u and v, i.e.: min(lb u, Ib v) <1bi <
max(lb u, Ib v) and min(ub u, ub v) < ub i £ max(ub u,
ub v). The set of all (proper) intervals lying between u
and v, denoted by O(u, v), is called a lozenge. Examples
of lozenges are shown in the IS-diagram figure below.

3. Interval Relations

An arrangement interval relation is any relation be-
tween intervals that can be defined using only the order
relation (and equality) defined in their base set between
interval endpoints, and logical connectives. Note that
some simple relations between intervals, e.g. the “equal
width” relation, are not arrangement relations. Thirteen
of these relations (minimal under the union of relations)
constitute the set of basic (or simple) interval relations
[8, 9], see the W-diagram figure below.

All arrangement relations are unions of basic rela-
tions, and the set of arrangement relations is closed
under union, intersection and composition of relations.
In the sequel, if not otherwise specified, all considered
interval relations are assumed to be arrangement rela-
tions. They play important role in reasoning about time
in Al and Qualitative Physics [4, 5, 8-11].

4. Interval Space Diagrams

To uniquely define an interval, two numerical parame-
ters are necessary, hence the space of intervals is two-
dimensional. Different pairs of parameters can be used
as coordinates of the interval space. The most obvious
is the endpoints space (eq, ep) [4]. It is not very con-
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venient, however, as the set of (proper) intervals occu-
pies the “skewed” half-plane above the diagonal. Other
natural choices of coordinates are better in this respect.
The centered space (mid u, rad u) has particularly con-
venient properties for our purposes, and thus constitutes
the basis of the IS-diagram representation of interval
space. In [3], a very similar (mid u, wid #) space has
been considered instead.
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As rad u = 0 always, the space of intervals occupies
here the half-plane above the m = mid u axis. Points
below this axis may be considered as representations of
“inverted” or “improper” intervals (for which e > e;).
This interesting possibility will not be further pursued
in this paper.

Various interval parameters, relations and transfor-
mations have convenient representations on the dia-
gram. In particular, for any given interval u, the images
(or coimages) of u under basic arrangement relations
lead to the W-diagram shown below, useful in investi-
gations of the space of arrangement relations and prov-
ing theorems about them. The lines and regions of the
IS-diagram constitute the images of the interval u# under
all 13 basic arrangement relations, and are labelled by
graphical symbols proposed in this paper for the appro-
priate basic relations.
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5. Convex Interval Relations

An important subset of all arrangement relations con-
sists of so-called convex relations. Their importance
comes from at least two facts:

* They constitute a class of relations coinciding more
or less exactly with those that are common and
natural in everyday reasoning involving intervals
(especially time intervals [5, 9-11]).

e Algorithms for solving several important problems
involving networks of constraints between intervals
are tractable (of polynomial complexity) within the
class of convex relations (strictly speaking, this
holds also for a wider class of pointisable relations),
whereas these problems often become NP-complete
when other relations are also allowed [5, 8-10].

Theorem. For arrangement interval relations, all the
definitions (listed below) of convex interval relations are
equivalent. An interval relation Ris convex iff:

Primary characterization: —for any interval i and
every pair of intervals u, v such that i Ru and i Rv, also
i Rw for every interval w lying between u and v.

Term characterization: —it can be defined as a
conjunction of simple terms involving only relations in
the set {<, =, <, >, =} defined in the base set between
interval endpoints (i.e., the order relation, its inverse
and their negations, plus equality) [10].

W-diagram characterization: —its image (or co-
image) in the W-diagram includes together with any
two intervals also the lozenge defined by these intervals.

Lattice characterization: —it is a union of all rela-
tions belonging to some interval (including thin inter-
vals) over a lattice Lgg of basic interval relations [5].

The proof of the above equivalencies constitutes a
good example problem to show usefulness of the pro-
posed diagrammatic representation of the interval space.

References

[1] H.A. Simon. The Sciences of the Artificial. (2nd ed.), MIT Press,
Cambridge, MA 1981.

[2] Z. Kulpa. Diagrammatic representation and reasoning. Machine
GRAPHICS & VISION 3(1/2): 77-103, 1994.

[3] Z. Kulpa. Two-dimensional representation of interval relations:
Preliminaries. Internal Report (8 pp.), IFTR, Warsaw 1995.

[4] J.-F. Rit. Propagating temporal constraints for scheduling. Proc.
Fifth National Conf. on Al (AAAI-86), 383-388. Morgan Kauf-
mann, Los Altos, CA 1986.

[5] K. Nokel. Temporally Distributed Symptoms in Technical Diag-
nosis. Lect. Notes in Al, 517. Springer-Verlag, Berlin 1991.

[6] A. Neumaier. Interval Methods for Systems of Equations.
Cambridge Univ. Press, Cambridge1990.

[7] H. Ratschek, J. Rokne. Interval tools for global optimization.
J. Comp. Math. Appl. 21(6/7): 41-50, 1991.

[8] J.F. Allen. Maintaining knowledge about temporal relations.
Comm. ACM, 26(11): 832—843, 1983.

[9] M.B. Vilain, H. Kautz, P. van Beek. Constraint propagation algo-
rithms for temporal reasoning — A revised report. In: Readings in
Qualitative Reasoning about Physical Systems, 373-381. Morgan
Kaufmann, San Mateo, CA 1990.

[10] P. van Beek, R. Cohen. Exact and approximate reasoning about
temporal relations. Comput. Intell. 6: 132-144, 1990.

[11] C. Freksa. Temporal reasoning based on semi-intervals, Artificial
Intelligence, 54(1-2): 199-227, 1992.



