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In this paper statistical properties of physical systems with a phase space that is an
infinite-dimensional separable Hilbert space are considered. For such systems it is possible to
define the basic concepts of classical mechanics as well as statistical mechanics. In particular
as an initial probability measure we assume a quasi-invariant measure. Based on this idea we
derived the Liouville equation in an infinite-dimensional case. The obtained Liouville
equation contains an additional term dependent also on the assumed initial measure which
vanishes when we pass to a system with finite number of degrees of freedom but which is not
equal to zero when we study a system with an infinite number of degrees of freedom. This
term is in a sense a compensation for avoiding complications due to boundary conditions.

The formalism given in this paper is still valid even in more general situations, when the
phase space is not Hilbert space. This fact may play an essential role in statistical mechanics.

1. Introduction

Statistical mechanics is the study of macroscopic systems in terms of their
microscopic properties. This viewpoint holds that statistical mechanics is the
study of systems having a large number of degrees of freedom, or even that
statistical mechanics is valid in the limiting case of an infinite number of
degrees of freedom. Thus, according to this viewpoint, statistical mechanics is
merely the mechanics of many-body systems.

The state of a system implies a complete description of the system at one
instant of time, i.c. a description which is as complete and detailed as
permitted by the laws of physics. In classical mechanics, the state is determined
by measuring the coordinates and momenta of all the degrees of freedom, and
is represented by a point x =(q,, 45, ..., 4> P1» Py - - - » P,,) in a 2n-dimen-
sional phase space, where n is the number of degrees of freedom.
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Mechanics is the study of evolution of the state of a system. It is a scheme
for predicting the precise state at time ¢, provided only that the precise state is
known at some other time ¢,. Thus, mechanics allows us to predict with
certainty the state at ¢,.

Statistical mechanics is the study of mechanical systems in situations where
the description is incomplete — and as a rule this occurs when we study large
systems. Prediction about incompletely specified systems cannot in general be
deductive predictions; for instance, it is impossible to predict with certainty the
precise number of molecules in a given sub-volume of a container, given only
the total energy, total volume, and total number of molecules in the container.
Statistical mechanics predictions contain an element of uncertainty. This is the
reason that the probability theory forms the mathematical language of statisti-
cal mechanics.

In this paper the probability theory is applied to the study systems with
infinite countable number of degrees of freedom. As a phase space the
infinite-dimensional separable Hilbert space is taken [1]. Observe that contrary
to the most common approaches to study the statistical properties of mechani-
cal systems [2-9] — when one first considers systems with finite number of
degrees of freedom and next tends this number to infinity with some parame-
ters held fixed and finite, i.e. in the so-called thermodynamic limit or
Boltzmann-Grad limit or hydrodynamic limit—in our approach we study
explicitly systems with an infinite number of degrees of freedom. We empha-
size that we are considering the theory of infinite systems for its own sake as
well as due to the fact that this is the only precise way of removing inessential
complications due to boundary effects, etc.

The Liouville equation derived in this paper is similar to the classical
Liouville equation except that it contains an additional term depending on the
assumed initial statistical state (initial probability measure). This term vanishes
when we pass on to a system with finite-dimensional phase space but it is not
equal to zero when we consider a system with an infinite countable number of
degrees of freedom.

The Liouville equation is one of the fundamental differential equations of
statistical mechanics [2, 9]. In the classical case the solution of this equation is a
scalar function w(x, t), called the probability density defined for every time ¢ on
the phase space X of the considered physical system. The Lebesque integral of
the function w(x, t) over a measurable subset A of X gives us the probability
that at the given moment ¢ the system is in one of the microscopic states of the
set A. Knowing the time evolution of the phase density of probability we can
compute the mean statistical value as well as the variance of any arbitrary
physical quantity. Moreover, it is well known from the theory of the differen-
tial equations that the solution of a first-order partial differential equation of
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Liouville type is equivalent to the solution of a system of first-order ordinary
differential equation of Hamilton type [10].

The paper is organized as follows. In section 2 we recall briefly the standard
derivation of the Liouville equation in the finite-dimensional case and then we
derive a different form of the Liouville equation which can be generalized to
the infinite-dimensional case. In section 3 we derive the most general version of
the Liouville equation. In section 4 we discuss the properties of the phase space
of systems with infinite countable number of degrees of freedom considering
conditions to introduce the Hilbert space structure on this phase space. In
section 5 for the sake of completeness we recall the basic concepts of the
measure theory (the probability theory is a part of it [11]) and then we discuss
the generalization of the fundamental concepts of the measure theory as
applied to the infinite-dimensional separable Hilbert space. In section 6 we
derive the Liouville equation in infinite-dimensional separable Hilbert space.
We use it to describe the system of infinitely many point-particies interacting by
a symmetric superstable pair potential. In section 7 we derive the formula of
the Radon-Nikodym derivative in the case when phase flux is given by the
linear operator for which the generalized divergence exists and then with the
help of this formula we derive the Liouville equation. We adapt this Liouville
equation for the description of the electromagnetic field.

2. The classical Liouville equation

In order to provide a convenient basis for the discussion of the Liouville
equation it is useful to remind briefly the derivation of the classical Liouville
equation. However, we present two ways of deriving the Liouville equation:
first one is the standard way which leads to the classical Liouville equation, and
the second one gives the Liouville equation with an additional term depending
on the initial conditions. As we see later on these two formulations are
equivalent. Moreover the advantage of the second equation is that it can be
generalized to systems with infinite countable number of degrees of freedom
with their phase space being an infinite-dimensional separable Hilbert space.
Such possibility exists owing to the fact that the concepts which appear in the
second formulation have their counterparts in an infinite-dimensional separable
Hilbert space. On the other hand it is worthwhile to note that the classical
Liouville equation has an essential property, namely it does not contain any
term depending on the initial conditions. The elimination of this term is
possible due to the existence of translation invariant measure, i.e. Lebesque
measure (see section 5 below).

We begin our considerations by introducing the notations. Denote by w(x, 1)
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the probability density, x €R”>, tER, n < +». Let the mapping
x: R">R", (ER, (2.1)

be the phase flux; throughout this section we shall assume that it is a
Hamiltonian phase flux, i.e. x, =(gq,, p,) and

axX . K

9= 5> b= '@ > (2.2)

where # is a Hamiltonian. Then the probability P that at time ¢ the system is in
one of the microscopic states of set A is equal to

P(A) :J'w(x, fHdx, ACR™. (2.3)

Based on physical premises, we conclude that
P(A)= J’ w(x, t)dx = f w(x,0) dx 2.4)
A, A
for A, :=x,(A). Whence

d

O P(A,) = g—t J- w(x, f)dx=0. (2.5)

Ay

Changing the domain of the integration we have
d
f T w(x,(x), £)|Dx,(x)|dx =0, (2.6)
A

where |Dx,(x)| is the Jacobian of the phase flux x, at point x € A. In view of
the arbitrariness of domain A we obtain

ad; w(x,(x), £) + w(x,(x), t) Zlqt In|Dx,(x)|=0. (2.7)

Taking into account that the phase flux is Hamiltonian we get the following
relation:

:‘lClt In|Dx,(x)| = div v(x,(x), ) = 0. (2.8)
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Substituting (2.8) into (2.7) we obtain the Liouville equation:

d

P w(x,(x),t)=0. 2.9)
Eqg. (2.9) can be written in the form
aitw+{w, %) =0; (2.10)

the symbol {,} denotes the Poisson brackets [2]. We shall denote the initial
conditions for this equation by py(x).

Now we derive the Liouville equation in a form which can be generalized to
the infinite-dimensional separable Hilbert space. For this purpose we take as
an initial measure on the phase space R*" the measure u, defined as follows:

hal):= [ po) ax. @11)

for any measurable set A C R™.
Remark 1. Measure p, is quasi-invariant (see section 5 below).

Then proceeding as before we have

[ e ) = [ i, O3t (2.12)
x,(A) A
hence
d
& [ W), 0pox)IDx ) dx =0. @13)

Now performing differentiation, after simple transformations we obtain the
equation

w2, 1)+ Wz, (0, ) 5 10 pofx, ()
+ w(x,(x), t) % In|Dx,(x)| =0. (2.14)

Observe that if w is a solution of eq. (2.10) and w, is a solution of eq. (2.14)
with the initial conditions p, and 1, respectively, then
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W=Ww, p,. (2.15)

It means that eqs. (2.10) and (2.14) are equivalent.

We emphasize that the existence of the translation invariant measure,
namely Lebesque measure, plays a fundamental role in the finite-dimensional
case. Moreover, this measure is invariant under phase flux x, due, of course, to
the assumption that the phase flux is Hamiltonian. The last fact is known as the
Liouville theorem.

3. The general form of the Liouville equation
The state of an infinite system in statistical mechanics may be described by a

probability measure on the space of infinite configurations. In connection with
this fact let X be a measurable space and let u, be a probability measure on X.
(The space X can be equipped with some structures, in particular it may be a
Hilbert space.) Moreover, assume that #,, t ER, is

h:X—X, (3.1)
such that for every set A € # and every ¢

Ho(A) =0 iff p,(h,(A))=0. (3.2)
Denote by u, the measure

m(A) = po(h(A)), A€M . (3.3)

Then according to the Radon—Nikodym theorem [11] (see also section 5 below)
we conclude that there exists the function (counterpart of Jacobian)

g XXR->R, . (3.4)
such that
[ o) = a4 = () = [ g5, D) (3.5)
h(A) A

As before denote by w(x, t), x € X, the probability density of a certain physical
system for which X is its phase space.
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Remark 2. This probability density is taken with respect to the measure p,.

Assume that w(x, 0) = wy(x) is an initial value for w. Hence
P(A) = | wix. D) (3.6)
A

means the probability that at the moment ¢ the system is in one of the states of
domain A. We assume that

PAA) = P(A) = [ wi)ua(d) 67

where A, := h,(A). From (3.6) and (3.7) we have

€ pa)=S [ wer lan
= < [ wih0), (e, Dy(@0) =0. (8)

According to the arbitrariness of domain A, after differentiation we obtain

aq; w(h,(x), 1) + w(h(x), 1) % In g(x,£)=0. (3.9)

Finally, making use of the identity

1
COROETRER e

eq. (3.9) can be written in the form

1

d d
3 W), D+ wlh,(x), 1) g In DA T(h, ()] %,

(3.11)

where [Dh; '(h,(x))| is the Jacobian of the mapping A, at point A, (x). Eq.
(3.11) is the general form of the Liouville equation.
4. Phase space of a system with infinite countable number of degrees of freedom

It is clear that as a phase space of a system with an infinite countable number
of degrees of freedom one should take the Cartesian product R™. The space R®
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is usually endowed with the product topology 9. For this topology the
Daniell-Kolmogorov theorem states [11] that if given finite-dimensional prob-
ability densities satisfy certain consistent conditions, it is possible to find a
probability measure having these densities. In other words this theorem
enables to define initial probability measure by its finite-dimensional probabili-
ty distributions.

Let

lf:———{(x,)fjeﬂ%“: > a,.x3<+oo}, (4.1)
i=1

where a = (a,),_; is a sequence of fixed positive real numbers. In the set [7, a
Hilbert space structure is endowed naturally. As a scalar product { | ) one can
take

<XIY> = 21 ax;y;, (4.2)

where x = (x,), 5, € 2, y = (y), 5 € 12,

We shall prove that under certain assumptions on initial probability measure
there exists a Hilbert space /. CR” which may be considered as the phase
space. To this end it is sufficient to prove that the support of our initial
measure u, is concentrated in some space /2. From a physical point of view it
means that some configurations of R” are impossible.

Theorem 1. For a certain physical system let w, be its initial probability
measure on the space R”. If the following mean values and variances are finite:

@ = j X po(dx) < + o0

R*

(4.3)
Bi:= j |x; — ailzuo(dx) <t e,
=
i=1,2,..., x=(x,);7, €L, then there exists a weight sequence a = (a,);_;
such that (1) =1.
Proof. Let us consider the events
A ={(x)5IER: [x; — o) > |jIB} CR™. (4.4)

According to the Chebyshev inequality [11] for any j=1,2,... we have
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to o . B
ro({(x); ER™: |xj" aj|>|]|Bj})s;—_ (4.5)

]
22 *
Bj

Thus, the probability of the event that the jth degree of freedom will differ
from the mean value by at most | j| B; is less than B,/ jzﬁi. Since

+oo
> L <o (4.6)
=1 I'B;

(if B;—0 then we have to consider the sets B, = {(x,);5; ER": |x; — o;| > j}

rather than A)), in view of the Borel-Cantelli lemma [11] the probability w, of

an event A that there will occur an infinite number of events A; is equal to
+ o0

zero. Thus, it is sufficient to take as the weight coefficients a = (a,),_; a
sequence which would ensure that the inequality

~+ oo

2 aa; + il ) <+ (4.7)

i=1

is satisfied and then uy(/2)=1.
To finish the proof it remains to show that /> is a measurable set. Let us
denote

+o0
K(n)= {(x,.),.*:; ER™: D axi< n} . (4.8)
i=1
The ball K(n) is an element of the o-field generated by 9. Since I> = U , K(n)
then the set I is also an element of the o-field generated by %, and the
measure u, restricted to the space li, ie.

B(A):= i(ANE), AEa(B), (4.9)

is well defined. This ends the proof.

5. The fundamental concepts of measure theory [11, 12]

For the sake of completeness, in this section we recall the basic concepts of
measure theory.
Let X be a non-empty set.

Definition 1. A o-field is a non-empty class S of subsets of X such that
a. g s,
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b. EE S then X\EE S,
c. ifE,€S,i=1,2,...,then U, E,€S.

Throughout this paper we shall consider the o-field of Borel sets, i.e. a
o-field generated by the open sets.

Definition 2. A measure w is a set function defined on a o-field S,
w:S—R,
such that

a. u(#)=0,
b. if (E,);, is a sequence of disjoint members of S, then

W(UE)=3 wE.

n=1 n=1

Definition 3. A measure u is called o-finite (finite) if there exists a sequence
(E,),”, of members of o-field S such that

X=E, and p(E)<+o, n=1,2,...,
n=1

(m(X)<+).

Definition 4. We say that a measure u, is equivalent to a measure u, and write
#; ~ w1, when

w,(A)=0 iff u,(A)=0, AES, (5.1)
or the equivalent definition for finite measures
lim w,(A,)=0 iff limu,(A,)=0, A, €S, n=1,2,... (5.2)

Let us assume that X is a Hilbert space H.
For every h € H we denote by u, the measure on H defined as follows:

pn(A) = p(A—h), AEa(H), (5.3)
where A~ h:={gE€EH: g+ he A}.

The set of all vectors A € H such that the statement u, ~ u holds is denoted
by M,.
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Now we recall:

The Radon-Nikodym theorem. Let measures u, and wu, be equivalent; then
there exists a measurable function g such that

wa)= [ gdu,. (5.4)

The function g of the Radon-Nikodym theorem is called the Radon-Nikodym
derivative of w, with respect to u, and is denoted by

g = du/dp, . (5:3)

The Radon-Nikodym derivative of measure u, with respect to measure p at
point x is denoted by

du,
h,x)= —(x). 5.6
puh,3)= 42 () (5:6)
Remark 3. 1f m is Lebesque measure then

p.(h,x)=1 forevery h€H . 5.7

Remark 4. If a measure u is equivalent to Lebesque measure with density p(x)
then

_px—h)
p.(h,x)= RTRE (5.8)

Definition 5. A measure w is called translation invariant if
n(A)=pu(A—-h) forevery h€H and A€ o(H). (5.9)

Definition 6. A measure p is called quasi-invariant if the set M, contains a
linear subspace dense in H.

In table I we present the basic properties of translation invariant and
quasi-invariant measures both in finite- and infinite-dimensional spaces [13].
In section 7 we shall use a Gaussian measure [14].

Definition 7. A measure p on a Hilbert space H is called Gaussian measure if
its characteristic function
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Table 1

Finite-dimensional space R"

Infinite-dimensional separable Hilbert
space H

There is a o-finite translation invariant
measure on R". It is the Lebesque
measure.

All o-finite translation invariant measures
differ at most by a fixed factor.

There exists a o-finite quasi-invariant
measure on R”.

All g-finite quasi-invariant measures on R”

are equivalent to Lebesque measure,
whence all such measures are equivalent
themselves and have the form p,(x) dx;
po(x) is a certain function defined on R”.

There does not exist a o-finite translation
invariant measure on H.

There exists a o-finite quasi-invariant
measure on H.

There exist o-finite quasi-invariant
measures on H which are not equivalent.

0(2):=fexp{i(z|x)},u,(dx) (5.10)
is of the form
0(z) = exp{i(b|z) — 1 (Az|z)}, (5.11)

where b € H and A is a bounded symmetric non-negative operator acting on H
into itself.

Remark 5. It can be shown [15] that the set M, of Gaussian measure u, is
equal to A'"*(H).
6. The Liouville equation in infinite-dimensional separable Hilbert space

We start by briefly discussing the mechanics of systems with an infinite
countable number of degrees of freedom. A full version of classical mechanics
in Hilbert space is given in ref. [1].

Let us consider the continuously differentiable mapping

x,=x(,ty H->H, t€l|0,T], (6.1)

being for every ¢t € [0, T] a homeomorphism. In our considerations this map-
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ping plays the role of phase flux. By
d
v(X, )= 3 x(X, 1) (6.2)

we denote the velocity of the point X € H. In view of the homeomorphism of
mapping x( , t), the velocity may also be considered as a function of variables
x, t, and then

Dv =vaoDx , (63)

where Dx, Dv, D v denote the Fréchet derivatives of the mappings x(X, ¢),
v(X, 1), v(x, t), respectively.

Let us consider the operator v(x(X, ¢), t) = v(x, t) without changing the
symbol of function v. For a space with a finite number of dimensions » denoted
by (®,);_, a system of orthogonal and normalized base vectors and by { | } the
scalar product, we have

divo= 2, (@D vd,). (6.4)
k=1

For the infinite-dimensional separable Hilbert space, n = + .
Let (®,),~, be an orthonormal system complete in H. We then define

+ oo
divo:= 2 (®|Dv ®,). (6.5)
k=1

In order to make the above definition meaningful, we assume that the
continuous operator D v is a nuclear operator. It was proved [1] that

. T
divo=—1In]] a,, (6.6)
o k-1

where (A,),”, are the eigenvalues of the operator Dx:= (Dx*°Dx)''% We
denote the quantity II;-, A, by det Dx. Observe that the above relations are
analogous to those for systems with a finite number of degrees of freedom.
These relations will be used later in this section.

Now we are in a position to proceed to the Liouville equation. Let u, be a
probability measure on an infinite-dimensional separable Hilbert space H such
that w(G,) is the probability that at time ¢ the system is in one of the
microscopic states of the domain G, C H. We assume that for every t €[0, T]
the measure u, is equivalent to the measure w,; then in view of the Radon—
Nikodym theorem, there exists a probability density w(x, t) on the phase space
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H such that

n(Gy) = f w(x, Huy(dx) for every G, € o(H) . (6.7)

Gy
Let G, be the range of region G, at time ¢ given by the mapping x,, i.e.
G,:=x,(G,). (6.8)

On the basis of physical premises we assume that the probability of the
appearance of the phase point in domain G, at time ¢ does not change, i.e.

1 (G,) = po(G,) for every t€[0, T]. (6.9)
Whence
d
a J' w(x, )p,(dx) =0. (6.10)
GI

Theorem 2. Assume that:

1. The measure u, is quasi-invariant.

2. For every finite-dimensional space L C M, the measure of a set consisting
of such x that p, (b, x) exists, and which is continuous with respect to b € L,
equals 1.

3. There exists a sequence of finite-dimensional subspaces L, C H and a set
B C H (py(B)=0) such that for x € B and for all b € H the following is
true:

limp, (P.b,x)=p, (b, x), (6.11)
where P, is an orthogonal projection on the space L, .
4. For every t € [0, T] there exists det Dx, '(x), a.e. y,.
5. For every t €[0, T] there is
x—x(x)eM, and x-— x ()€ M, . ae. p,, (6.12)
and the functions

P (x —x(x),x) and p, (x— x (%), x) (6.13)

are positive.
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Then, if

1(G) = [ Wi, ey (6.14)

is the probability that at time ¢ the system will be in a domain G C H, the
Liouville equation

dit w(x (x), £) + w(x,(x), t) div v(x,(x), 1)

d
+ w(x,(x), 1) & Inp, (x—x,(x),x)=0 (6.15)
holds.

Proof. Let us consider the probability measure i, defined as follows:
(A) = mo(x(A), A€ a(H). (6.16)

Given the above assumptions the measure g, is equivalent to the measure y,
and the Radon-Nikodym derivative is of the form [15]

du,
duy

= det Dx,‘l(x,(x))puo(x - x,(x), x) . 6.17)

Substituting (6.17) into (6.10), performing differentiation and making use of
the arbitrariness of the domain G, after simple transformations we obtain

S w(x, 0, 1)+ wix, (), 1) 3 Idet Dx; (e, ()]
+ w(x, (%), f) d% P = X,(x), ) =0. (6.18)
From (6.6) it follows that
d% In|det Dx; ' (x,(x))| = div v(x,(x), t) . (6.19)

Substituting (6.19) into (6.18) we obtain the Liouville equation in the form
(6.15). This ends the proof of the theorem.

This Liouville equation may be transformed into

w(x,(x), Dp, (x — x,(x), x) = exp{ - J div v(x,(x), 5) ds} . (6.20)

o
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Observe that, if div v =0 — and such is the case, for example, when v = §d ¥
where %: Hx H—R is a function of class C> and 8: Hx H— H x H,
8(x, y) = (—y, x) — then after simple transformations making use of the identity

p.(—a,x)=[p,(a, x +a)]"", (6.21)
we have
w(x, t) = w(x, ' (x), 0)p, (x = x, '(x), x). (6.22)

From the above equation follows a conclusion:

If the form of the operator x, is known then the form of the function w will be
known also.

Remark 6. It was proved [16] that the expression dln p, (x — x,(x), x)/dt in
eq. (6.15) has a sense of divergence of measure u,, where the divergence of
measure u, means the “volume” with respect to measure u, which will flow out
of a domain at time ¢ per unit time and per unit ‘‘volume”.

Example 1. Let

x=(q, p)=(g):21,(p)) (6.23)

be an element of the phase space I> X /. The g, and p, denote the position and

momentum of the ith point, respectively. Assume that the interaction between

points is given by a potential such that:

1. ¢ is a superstable potential [7, 17] which means the following: for every
k=0, =1, =2 ... let n,(x) denote the number of points present in the
segment [k — 5, k + 1]; then there exist constants A and B such that A >0
and

Uq)= 2 ¢(lg,~ql)=-Bn+a X n(x (6.24)

ij=1 i=—n
i#=j
for every n and q,, ..., q,. This assumption ensures that the potential
energy tends to infinity when too many points occur in a small segment.
2. ¢ is of class C'.
3. There exists a bounded nonincreasing function g such that

lo(I=<g(rl), lgrad ¢(r)| < g(|r]) (6.25)
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for every r ER and
f g(r)dr<+ow. (6.26)
0

Let u, be a quasi-invariant Gibbs measure [18] with potential ¢; then it can
be proved that the phase flux

x; ExPsD2x] (6.27)

given by the system of Newton equations

G:=p;, PB=—2gradd(lg,—ql), i=012,..., (6.28)

j#Ei
together with the measure p, satisfy the assumptions of theorem 2.

7. The Liouville equation of the system of oscillators describing
electromagnetic field

In this section we derive the Liouville equation of the system for the phase
flux x,: H— H which is given by the linear operators A(t), t € R. Moreover, we
shall assume that for every ¢ the generalized divergence (see definition 8 below)
of the operator A(f) exists. As an initial measure we take a quasi-invariant
Gaussian measure u,. The support of u, has to be sufficiently large in order to
contain all the possible configurations of the considered physical system.
Besides, we assume that for almost every x with respect to u, all vectors of the
form x —x(x) are in the set M, ; this property simply implies that the
expression p, (x — x,(x), x) is well defined. Later we will show (lemma 3) that
there exist Gaussian measures possessing the above properties.

Consider the phase flux

A(t): H>H, teR. (7.1)
According to the polar decomposition theorem [19] there exists a unitary
(linear and continuous) operator U(¢) and a self-adjoint positive operator T(¢)

such that

AN =UNTQ) . (7.2)
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In addition, assume that the operator 7(z) has only a point spectrum (A,(1));_;
and there exists a sequence of natural numbers (#,);_; for which the infinite
product

ity

[T ,0)=80 (7.3)

[l
i=1 “k=n+1

is finite.

Definition 8. The expression (7.3) will be called the generalized divergence of

a phase flux A(¢), t€R.
Now for every ¢ we define the measure », on Hilbert space H:

v(B):= uy(A(1) (B)), BEa(H). (7.4)

Below we prove that the measure v, is equivalent to measure w,; moreover,
we derive an explicit form of the Radon-Nikodym derivative g(x, t), i.e.

dv
x, )= —L(x). 7.5
86 0= gk @) (7.5)
We start with two lemmas.
Lemma 1. Let u, be a quasi-invariant measure (in particular a Gaussian
measure) and, for every ¢, let A(¢) be a self-adjoint positive operator for which

the generalized divergence exists. Then the Radon—Nikodym derivative of the
measure v, with respect to measure u, is of the form

j—:) (x) = 8(1)p, (x = T(t) 'x, x). (7.6)

Proof. Let (e,);”, be a sequence of eigenvectors of the operator A(t) corre-
sponding to eigenvalues (A,),”,. Assume that for every n € N

L,:=span{e,,e,,...,€,} CM,. (7.7)
Let ¢(x) denote a cylindrical function of the form
¢(x) = g(P,x), (7.8)

where g(x) is a bounded Borel function on L, and P, is the orthogonal

n

projection on L,. Let the measure v, be the orthogonal projection of the
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measure v, on L,. Then taking n = n, we have
[ enian = [ g, @0

- [ &P, D180 = [ 8T OD o, (@)

BT ™)
= [ [T 0t 2o . 19)

where p,(x) is the Radon-Nikodym derivative of the measure Moy, With
respect to Lebesgue measure in L, . On the other hand, the expression

P, (P, T(1)"'x)

pni(Pnix) (7.10)

1T 00

is the Radon-Nikodym derivative of measure u; 7, With respect to measure
my,, Where

P, ro)(B) = /J’L,,i(T(t)—l(B)) , Bea(H). (7.11)

From (7.9) we have

" WP T
[ sPaoman = gP) 11 w20 D @y, o

Pu(PrX)
Passing to the limit with i according to the Fatou lemma [20] we obtain
[ eParin(@n= [ gP 21, — T 5, 08I . (.13)

Therefore for every non-negative Borel function ¢ we have

[ 8@ [ 690,00~ TO 2, 98 a(d). (7.14)
Hence the measure p, is equivalent to the measure »,. Then
dv
dy, 1Ly,
— (x) =lim - (P,x
ey ) g, (Po)

i 1 2, PP T

e A =8()p, (x— T(t) 'x,x), (7.15)
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where we used the relation

P, (P, T(t) "x)

A AN A _ -1
hgn P (P) P (x — T(1) 'x,x). (7.16)

This completes the proof of lemma 1.

Lemma 2. Applying the same technique as in the proof of lemma 1 it can be
shown that if A(¢) = U(¢) is a unitary operator then the measure v, is equivalent
to the measure u, and the Radon-Nikodym derivative is of the form

dy

E?; (x) = p, (x = U@) 'x,x), (7.17)
where
v(B):= uo(U(t) '(B)), BEa(H). (7.18)

Theorem 3. Assume that A(r): H— H is a linear operator and A(¢) = U(¢) T(¢)
is its polar decomposition. Denote by &(¢) the generalized divergence of A(r).
Then the measure v, is equivalent to measure w, and the Radon-Nikodym
derivative is

dv
87'0 (x) = 8(t)p, (x — A() 'x, x) .

Here v,(B) := u,(A(t) '(B)), BE o(H).

Proof. From lemmas 1 and 2 for any non-negative continuous function f we
have

| /v T
= [ VO30, x ~ TO 5, X)psod)

= [ F)pr ~ V() 'x. )
X 8(1)p, (U(D)™'x = T(t)'U(1)"'x, U(t)” 'x) po(dx) . (7.19)
Making use of the identity

p.(a+b,x)=p,(a,x)p(b, x — a) (7.20)
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we obtain

P (x = UM 'x, x)p, (UW) 'x = T()'U®) ™ 'x, U(t) 'x)
=p, (x = T() U@ 'x, x) . (7.21)

Hence according to (7.19) and (7.21) we have
| ruom TR

= [ 150, (x ~ AW, I (1.2)

Finally, in view of the arbitrariness of function f we obtain the explicit form of
the Radon-Nikodym derivative:

j—:; (x) = 8(t)p, (x — A 'x, x) . (7.23)

The proof is complete.

Theorem 4 *. Let u, be a quasi-invariant measure on H corresponding to the
initial probability density of a certain physical system and let A(¢): H— H be a
phase flux of this system.

Then, if u, and A(¢) satisfy the assumptions of theorem 3, then the Liouville
equation of such a system is of the form

% w(x,(x), 1) + w(x,(x), 1) Eld—t In 8(2)
+ w(x,(x), 1) g—t Inp, (x—x(x),x)=0. (7.24)

Proof. The proof of this theorem is the same as the proof of theorem 2 except
that the expression (7.23) should be used instead of the expression (6.17).

Example 2. We shall verify now that the assumptions of theorem 4 are satisfied
for the system of infinite countable number of oscillators which describe the
behaviour of an electromagnetic field.

Let us consider a set of four equations [21, 22]:

* Theorem 4 can be generalized to the case when for every ¢ a phase flux is given by affine
mappings x,(x) = A(t)x + b(t), b(t) € H (the basic outline of the proof is the same as for theorem
4), or even to a nonlinear case [23].
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417,1

d .
rotB—7/+c—at—, div E = 4mgq , (7.25)

rotE=—1ﬁ, divB=0, (7.26)
c ot
which forms the basis of all electromagnetic phenomena. In the above ¢, j, E,
B denote the densities of charge, current, electric field and magnetic induction,
respectively.

Since div B = () holds, we can define B in terms of a vector potential:

B=r0t A. (7.27)

In addition we assume div A = 0. Expanding A into Fourier series we obtain

Alr, 1y =1/ 4“;; }k‘, e, A (D) e (7.28)

Summation is carried over all k = (k,, k,, k,), k,=2n/L.n,€Z,1=1,2,3, ¢,
denotes a unit vector (from div A = 0 it follows that ke, =0), V is the volume
of a cube with the length of the edge equal to L and r € R’.

Then for every k the quantities A4,(f) e and A* " can be written in the
form

A= 0p—iQ, Qr=3(A,+A)=0%,

: (7.29)
A;=0l-i0l, Qi=3(A,~AD=-0",
where
1
Q= ———— fe A(r, t)sin krdr,
. (7.30)
Qi= ———— fe A(r, t) cos krdr.
© Vanlv "
From (7.28) and (7.30) we have
4mc’ o, . Sinkr
Al 1) =\ = > e, 0%(0) . (7.31)

V i cos kr

O

sin kr, cos kr correspond to @ =1 and o =2, respectively.
It is known [21, 22] that the system of equations (7.25), (7.26) is equivalent
to the system of equations
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Agp — 1 __az =—~4n (7.32)
¢* ot 1 .
1 9°A 4n
AA—-—CZ-a—tz‘——?], (7.33)

where the scalar potential ¢ satisfies the equation

1 0A

—grad¢d =E + parval (7.34)

Substituting (7.31) into (7.33) we obtain the equations of motion for
oscillators Q;, Q%:

. 4 i
05 + K05 =5 f e j(r, ) S0 g, (7.35)

cos kr

Let us expand

0=\ [ ey S g,

into Fourier series

+ o

Jr()= 2 a,” sin nt + 2 b5 cos nt . (7.36)
n=0
Of course,
+x +x
2 (@Y <+w, X (Y <+, (7.37)
n=0 n=0
Then
o b bk
0%+ Pk*Q% = D, asinnt+ 2, b* cosnt . (7.38)
n=0 n=0

The solution of eq. (7.38) corresponding to initial conditions Q%(0) = Q5%
P (0) = Pg,, Pi(t):= Q%(?) is of the form

a a a 1 :
Q3 (t) = O3, cos ckt + P, o Sin ckt

io aka n 2 aka
n
- ——5—— —- sin ckt + ——— sin nt
“~ czkz 2 ck _ 7
+oo bka
- 2 —55—— cos ckt + > ———— cos nt , (7.39)
n=0 C n n=0 k —-—n
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P(¢) = — Q}.ck sin ckt + P, cos ckt

+ ka + % ka
- ‘TEL—_ZHCOSth"'E —~—5— HCOs nt
w0 Ck—n e S
Aa +x bka
, .
+Z 2cksmck1*2 553 nsinnt .
()Ck - a0 CkT—n

(7.40)

Now denoting x = ((Q%), (Py)) we can write x,(x) = ((Q;(?)), (P;(1)) as

follows:

x,(0) = (P AL ((Q% - P s> (PaAL(O(Q0s Pi) o) + Bi(1)

where for every pair of indexes «, k:
1) AS(¢) is a linear operator, A%(r): R°— R?,

1
a e pa cos ckt —- sin ckt a
Ak(t)(kaPk):I: ck }(kap )

— cksin ckt  cos ckt

1
= (QZ cos ckt + 7 P} sin ckt, — Qjck sin ckt + P; cos ckt) .

(7.41)

(7.42)

2) P¢: R*—=R, P{,: R*—>R are the projections on the first and second

coordinate, respectively, i.e.

Pa(Qi PO =05, Pu(Qi PO =Fi.

3) B(t)ER’ and

—+ o aka n
B (t :<— E ——"—— — sin ckt
« () =, k=~ n? ck

+ aka + % aku

+ > 55— sin nt — > —557—— c08 ckt
n:(]ck_n n= ()Ck"n
“+oc bka + o aka

+ > — 55 COs nt, — > ——5— ncos kt
=0 Cki—n w=0 Ck"—n
+o @ + % bka

+Z 5 ’ncosnt+z—————:cksinckt
n=0 C k - n=0 C k -

- 2 prER n sin nt)

n= (JC

(7.43)

(7.44)
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Let us fix a sequence of real positive numbers a = (a; ), , such that

dal<+w. (7.45)

a,k

As a phase space for our system of oscillators:we take the Hilbert space
L2:=Px[

(€D B0y St < 4 T at(PiF < 4| (146

For every t €ER we have a mapping,
x: L2—> L%, (7.47)

Now we shall prove the existence of Gaussian measure [14] w, on L’
possessing properties which assure that the relations

x—x(x)EM, , x—x,“l(x)EM“O (7.48)
are valid.

Lemma 3. Let A:= (A7) be a sequence of positive real numbers A} such that

DA<+, > "k2<+oo (7.49)
a,k

ak/\k

Then, there exists Gaussian measure w, on L. satisfying the following
condition:

M’O(la/)\ x lz/)\) (7.50)

where
o X = { (@D P01 S 5 (017 <40,
S 4 <. (.51

Proof. Let fi, be a Gaussian measure on the space I2,, x I2, A and let 6(z) be its
characteristic function. Since X, , Ay <+ = the space I x 2 is the completion
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of the space /2,, X [2,, in the norm defined by the formula

”x” = (x‘cx>a//\ , X€ lﬁu X lzu . (7.52)

(| )., is the scalar product in the space 12, x I2,, and C is the nuclear operator

with eigenvalues (Ay), . i.€.

C((2%)as> Pas)) = (A Q) air (NP i) - (7.53)

According to the Bochner theorem [11, 15] measure g, can be extended to the
measure u, on the space I x [2. This completes the proof of the lemma.

Remark 6. The measure u, obtained in the above lemma may be taken as an
initial measure.

Now we shall prove the validity of relations (7.48). For this purpose it is
sufficient to show (remark 5) that x — x,(x) € C""*(I2 x I?), a.e. y,, where c'”?
is the Hilbert-Schmidt operator and whose eigenvalues are equal to (V A;), -

We have

x = A(t)x =((Q%), (PY) - ((QZ cos ckt + P, c—l_k sin ckt),
(— Qjck sin ckt + P cos ckt)) . (7.54)

Hence we should prove that

a; 1 ?
> =L (Q: — Q7 cos ckt — P}, — sin ckt) <+ oo, a.e. g, (7.55)

a.k AZ ck
aa
2:,( )\—/’{; (P§ + Qck sin ckt — P§ cos ckt)’ < + o, a.e. fy - (7.56)

The above inequalities are implied by the following facts which are immediate
consequences of lemma 3, inequality (7.49) and Cauchy-Schwarz inequality:

aa a“
E—E(Q: coSs th)2sz _%(QZ)2<+OO’ a.e. (7.57)
ak )\k ak )\k

a_:< o _1_ : >2 f_’n(‘_ aN2
a% xe \FPi g sin ckt S?jk xe (P <+, ae py,  (7.58)
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ak a a_l_ :
‘% X QP % Sin ckt

\/2 (Q ) \/2 o P — sm ckt)2 <+ow, ae. g, (7.59)

2 — (chk sin ckt)

a,k /\
\/ a t (Q%csin ckt)? \/i - k2<+°° a.e. i, (7.60)
> Lk A (P cos ckt)’ <Z A (Pk) <+, ae. py.  (7.61)
a,k

It remains to prove the existence of generalized divergence of the operator
A(t). For this purpose it is sufficient to make the following observation:

For every a, k the determinant of the mapping A%(¢): R*— R?,

1 .
cos ckt —- sin ckt

AL Q5 PY) = ck (Q:, PY),
—cksin ckt cos ckt

is equal to 1.

8. Final remarks

The obtained mathematical model can be applied to the study of systems
having the phase flux x, such that the measure v,(y,(A):= u,(x; (A))) is
equivalent to the initial probability measure pu, so that the Radon-Nikodym
theorem holds.

The following three questions arise: 1) What is the connection between the
solution of the derived Liouville equation and the solution of equations of
motion? A partial answer to this question is the expression (6.22). 2) Let us
assume that we consider some class of physical systems. What is the most
general phase space for this class? It might be interesting to select the space
dual to a nuclear space as the phase space. Such a space has the following
property: finitely additive cylindrical measures can always be extended to
o-finite measures [13]. 3) How can one extend the deduced mathematical
model to systems with continuous spectrum as their phase flux? It seems that
the application of appropriate boundary transitions with the use of spectral
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theorems would be a good idea; one would also have to generalize the concept
of phase velocity divergence.
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