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1. Introduction

Continuous limits of microscopic models of biological systems based on point-wise cell representations were extensively
studied over the past 30 years. In particular, classical Keller-Segel PDE model has been derived from a discrete model with
point-wise cells undergoing random walk in chemotactic field. This model was studied among others in [1,2]. It is known
that in this model, under certain conditions, a blow up of a solution may occur in finite time [3,4]. To avoid this, various
modifications of the Keller-Segel model have been introduced (see, e.g. [5-7] and the references therein). A new system of
macroscopic nonlinear reaction-diffusion equations has been derived recently in [8] from the stochastic discrete cellular
Potts model (CPM) with extended cell representation. This system can be written in the form:

ou=V-[I'wVu] — oV [uVv] (1)
8 v =dVZiv +au — pu. (2)
Here u is the fraction of volume occupied by cells and v denotes the concentration of the chemical, whereas
1+u
I'(u) = (3)

1—u+ulog()’

The constants o, d, aand y have the obvious physical interpretation. This system is considered in a bounded domain £2 C R?
with 982 € C?™, 5 € (0, 1), subject to the initial and boundary conditions

(u(0, x), v(0,x)) = (Ug(X), Vo(x)), x € £2, 2—1:()() = g—z(x) =0, xe€df2 (4)

* Corresponding address: Department of Mathematics, University of Notre Dame, 255 Hurley Building, Notre Dame, 46556-4618, IN, USA. Tel.: +1 574
6318371.
E-mail address: malber@nd.edu (M. Alber).

0893-9659/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.am1.2009.05.013

Please cite this article in press as: M. Alber, et al., Existence of global solutions of a macroscopic model of cellular motion in a chemotactic field, Appl.
Math. Lett. (2009), doi:10.1016/j.am1.2009.05.013



http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
mailto:malber@nd.edu
http://dx.doi.org/10.1016/j.aml.2009.05.013

2 M. Alber et al. / Applied Mathematics Letters I (RERN) IRE-HEN

where v = v(x) denotes the outward unit normal to 2. Let us note that the coefficient I" (u) /" coasu 7 1. We will show
that this prevents the blow up of solutions. A very good agreement was shown in [8] between Monte Carlo simulations of the
microscopic CPM and numerical solutions of Egs. (1)-(2). Combination of microscopic and macroscopic models like system
(1)-(2) can be used to simulate growth of structures similar to early vascular networks [8]. In this paper we show the global
in time existence of classical solutions to a generalization of system (1)-(2). This provides a mathematical justification for
using numerical solutions of system (1)-(2) for biological modeling. The proof is based (modulo slight modifications) on the
method described in [9].

2. Global existence of solutions

In this section we show the existence of a global in time solution for the following system

ou=V-[wVvu] = V[xu, v)Vv] + g, v) (5)
v =V - [dw)Vv] +f(u, v) (6)
in 2 x [0, T), where £2 is a bounded domain in R", with the initial-boundary conditions
u v
(0, %), v(0,x)) = (Up(®), vo(¥)), X € 2, ;(X) = ?(X) =0, xedf. (7)
v v

HO n > 1.9 is of C>*" class, n € (0, 1)
H1 Let D := [0, 1] x [0, 00). Let x : D — [0, 0o) be of C class, and x (0, v) = 0forv > 0
H2 g: D — Risof C? class. g(u, v) < My (1 —u),g(0,v) > Oforall (u,v) € D, Mg > 0;
f:9D — Risof C?class. f(u,v) < Oforallv >V > 0,f(u,0) > 0forallu € [0, 1];
d: [0, 00) — [dq,dy)isof C2class,0 < dy < dy < 00
H3 ug, vg € C21(2),0 < ug(x) < 1,0 < vg(x) forx € £2 and aai]f’(x) =0, %‘J(x) =0forx € 92
H4 I' : [0,1) — (0, 00) is of C? class. There exist positive numbers &; > 0, s, > 0 and &3 > 0 such that I"(u) > &; for all
uel0,1]and I'(u) > &;(1 —u)“foru e [1 —e3,1)and @ > 2.

As one can see from assumptions H1-H4, system (5)-(6) is more general than the system considered in the paper [9]. Among
others, it includes a nonlinear term g (u, v) describing cell proliferation.

_1

Lemma 1. Assume H4. Then there exists a constant K > 0 such that, forallu € [0, 1), I'(u) > K e

Proof. Let &4 = infyc(0,1-¢5) I" (W) (1 — u)*. If K = min{ey, &,} then the thesis of the lemma holds. O

Lemma 2 (See Lemma 3.1 in [9]). Let hypotheses HO-H4 hold. Then

1. There exists a positive constant Ty depending on initial data (ug, vo) such that system (5)-(6) with initial-boundary conditions
(7) has a unique maximal solution (u, v) in the space C'*7/22+1([0, Ty) x £2; R%) with u(t, x) > 0 and v(t, x) > 0.

2. If uis bounded away from 1 for each finite time t > 0, then Ty = oo, namely, the solution is a global classical solution of
system (5)-(6), (7).

Proof. Let w = (u, v). Then system (5)-(6), (7) can be written as

oow =V - (A(w)Vw) + F(w), (0, )= (up, vp) in$2, g
[Fw)Vu— x(u,v)Vv]-v=0, [d(v)Vv]-v=0 onas2 (8)
where A = A;,1,j = 1,2,A11 = (W), A;p = —x (U, v),Ayy =0,A =d(v), F = (g(u, v), f(u, v))T. We can extend all the
considered functions to the set § = {(u, v) € (=8, 1) x (=8, 00)},8 > 0,in C? class in such a way that I'(u) > Iy > 0
and d(v) > dg > O for all (u, v) € G.Thus the local existence and conditions for the global existence of solutions to this
system follow e.g. from Theorem 7.3 and Corollary 9.3 in [10], Theorem 5.2 in [11] or Theorem 14.6 in [12]. The solution
exists globally, if (u(t, x), v(t, X)), x € £, does not reach the boundary of g for any finite t > 0. According to H1-H3 we
can prove that, as long as the solution exists, u(t, x) > 0 and v(t,x) > 0 for all x € £2. To do this, we can either use the
comparison principle for diagonal parabolic systems (if we treat the function v in the equation for u as given, due to the
fact that x , (0, v) = 0) or use Theorem 15.1 of [12] as in [7]. Moreover, according to H2, v(t, x) is bounded from above, as
long as ||ulj;~ < 1, by a constant ¢, = max{sup,. vo(x), V}. Thus the sufficient condition for the existence of the global
classical solution is that u is bounded away from 1. O

Theorem 1. Let the conditions HO to H4 hold. Then there exists a unique global solution (u, v) to system (5)- (6), (7) such that u
and v are iiC]+”/2*2+'7([O, 00) X £2). Moreover, there exists a constant ¢, > 0 such that 0 < v(t,x) < c,and0 < u(t,x) < 1
forallx € 2 andallt > 0.
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Proof. It is easy to note that by appropriate scaling we can obtain a system in a region £2 satisfying |£2| = 1 and such that
I'(u) > (1—u)~*foru € [0, 1). The proof of the theorem is based on the proof of Theorem 1.1 from [9]. Let us consider the
auxiliary scalar equation

ou=V-[wVu] —V -b(t,x) +G(u,t,x), (t,x)e€[0,T)x £

ou 9)
u(0,x) =up(x), x¢€ £, 3—‘)()() =0 x€0df

where b € L*°((0, 0co) x £2) is a given function. Below, we will use the following lemma. O

Lemma 3 (See Theorem 1.1 in [9]). Let 0 < up(x) < 1for x € £2. Let ||blioo(0.00)x2) = Mp and |Gy, -, )|l (0.00)x2) <

Mg (1 —u) for u € [0, 1]. Let us assume that u is a classical solution to Eq. (9) and 0 < u(t, x) < 1for (t,x) € Qr =[0,T) x Q.
Then, for any T > 0, there exists a constant 6 > 0 such that u(t, x) < 1 — &7 for all (t, x) € Qr. The constant §; depends only
onMp, § = ||1 — ug||o(£2) and T.

So suppose to the contrary that the classical solution does not exist globally. According to Lemma 2, it follows that there
exists finite Ty > 0 such that |[u(t, -)||;0o(0) — 1ast — Tgand [lu(t, -) |y < 1foranyt < To. However, as v(t, x) < ¢,

due to Theorem 6.49 in [13], || v || cc1+n)/2. () = < Wry(llvollc1+n gy + 1. Then, b = [x (u, v)Vv] is bounded on [0, To] x 2,

so according to Lemma 3, for any t < Ty, we would have u(t, x) < 1 — §;, where §; does not tend to 0 as t — Ty. We thus
arrive at a contradiction as the solution could be prolonged for t > Ty. This concludes the proof of Theorem 1. O

Proof of Lemma 3. Multiplying both sides by p(1 — u) P~ and integrating we obtain
d
—/ (1 —uw)Pdx = p/ (1 —w) P Tudx
= p/ A=w™P 'V . [FWVu — b]dx+p/ 1 —uw)™P G, t, x)dx
2 2

_p(1+p)f {F(u)(] oy oy - Vb }dx+/ PRACLIIIN
2 2

(1 — u)p+2 (1 — u)p+!

2 .
—-p(1 +p)/ { Will — Vu-b }dx—l—p/ M (1 — u)~Pdx (10)
2 L(1- Q

u) (a+p+2) 1- u)p+2

IA

where the last inequality follows from the fact that I"(u) > (1 — u)~“ and the assumption concerning the function G. Let
wy = (1— u)’aTer. Then, we can proceed, as in [9] to obtain

d 1 Vw, -b
7/(]_u)—PdX_p‘/‘ Mg(l—u)_deS p( +p) / |pr| dX+2f w—pdx
dt Jo 2 atp \ a+p o (1 —u)p+2-w)/2
1 4 v
L paEp f|pr|2dx+2Mb/ WVl g,
o+p a+ple o (1 —u)pt2=e/2

1 2 Mm? 1
L Patp /|pr|2dx+ 2(a +p) dx (11)
a+p a+plg 2 o (1 —u)p+2—0

where we have used Young’s inequality. According to the assumptions of the lemma, 0 < u(t, x) < 1and @ > 2, we obtain
the inequality

(l+p) 2 . M?(a +p) 1
/(1 u)Pdx < ( a+pf9|vu;p| dx + > ; (1_u)pdx> (12)

where M? = Mg + M. The rest of the proof of the lemma can be carried out exactly as the proof of Lemma 2.4 in [9]. This
is due to the fact that the concrete form of the coefficient I" is not used in the subsequent considerations. O

Theorem 2. Let ug, vy € C**7 be non-negative. Then there exists a unique global solution (u, v) to the system (1) - (2) and
(4) such that (u, v) € C™1/221([0, 00) x §2; R?). Moreover, there exists a constant ¢, such that 0 < v(t,x) < c, and
0 <u(t,x) < 1forallx € 2 andallt > 0.

Proof. Due to Theorem 1, one has only to show that H4 is satisfied, i.e. I"(u) > 1/(1 — u)?. This can be easily done. O
3. Conclusions
We proved the existence of global in time classical solutions of the system (5)-(6), generalization of both system (1)-(2)

and system considered in [9]. This demonstrates that these systems cannot have a blow up of solutions in finite time and
justifies the usage of numerical solutions of the macroscopic model of early vascularization suggested in [8].
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