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Abstract

III-Nitride based nanostructures, such as Quantum Dots (QDs), are of great interest due to their potential optoelectronic applications.
In this work we combine ab-initio calculations and Finite Element Method (FEM) calculations in a multi-scheme approach and we
investigate the properties of a GaN QD embedded in AIN barrier. Based on first principles calculations we derive the second and third
order elastic constants for AlGaN alloys within the framework of anisotropic hyperelasticity [3]. The dependence of the elastic constants
on the alloy composition as well as on the strain measure is explored. In a second step the aforementioned elastic constants are used as
input for FEM calculations of the electro-mechanically coupled non-linear boundary problem of the strain and polarization constitutive
equations. We find that the electric field along the growth direction varies significantly, an effect which has interesting implications
on the spatial localization of the carriers. Although our calculations reveal that qualitatively the electric potential distribution does not
depend sensetively on the third order elastic constants, it was found that the inclusion of the non-linear effects in our FEM calculations

may quantitatively affect it by more than 5%.
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1. Introduction

The group III-Nitride semiconductors (AIN, GaN, and InN)
are by now well established as a key material system for opto-
electronic applications. The reason for the big interest in these
materials is manifold: They have direct bandgaps in the range
between 0.7-6.2 eV (from 0.7-0.8 eV for InN - see [2], [11] and
Refs therein - and 3.4 eV for GaN to 6.2 eV for AIN [1]) which
covers the entire visible and extends into the ultraviolet (UV)
region of the optical spectrum. Because of their wide bandgap
and strong bond strength, this materials system is suitable for vi-
olet, blue, and green light emitting devices (e.g., for full color
displays, laser printers, high density information storage, or un-
der water communication) and for high-temperature/high-power
transistors (as needed e.g., in automobile engines, power distribu-
tion systems, or to design all electric vehicles). Another impor-
tant property of III-Nitrides is that they can be alloyed, and thus
they enable bandgap engineering and subsequently tuning of the
emission wavelengths. On the other hand semiconductor based
nanostructures, like Quantum Dots (QDs), are of great interest
both from the fundamental point of view as well as for their po-
tential optoelectronic applications: The zero-dimensional nature
of Quantum Dots (QD) provides a more efficient carrier local-
ization and results in superior characteristics with respect to their
optical properties.

In this work we combine ab-initio with Finite Elements
Method (FEM) calculations in order to study the strain, electric,
and polarization fields in a system of a GaN QD embedded in
AIN matrix. In group II-nitrides, due to the large lattice mis-
match and the stiffness of the material, the quantum dots embed-
ded in the semiconductor matrix are highly strained and the in-
clusion of nonlinear elastic effects is crucial. However, so far ex-
perimental and/or theoretical data on the composition and stress
dependence of the elastic constants of AlGaN alloys are still lack-
ing. Thus, in a first step we perform first principles calculations
in order to derive the second and third order elastic constants of
AlGaN alloys. In a second step these constants are used as in-

put for FEM calculations: we solve the constitutive equations for
the stress and polarization field. In most of the previous numer-
ical simulations, the converse piezoelectric effect was neglected
in FE analysis of nitrides, cf. [9]. Such simplified approach is
based on solving separately two boundary-value problems: First
the problem dive = 0 is solved, and next the problem divP = 0
for fixed £(x). Contrary to that, in this work we solve a single
boundary-value problem stated for full electro-mechanical cou-
pling in which the final strain field results from the mechanical
stress equilibrium and converse piezoelectric effect. Based on
these calculations we derive the strain and electric field associ-
ated with the GaN/AIN QD.

The paper is organized as follows. First the definition of the
strain measures and the second and third order elastic constants
associated with the wurtzitic symmetry are given in Sections 2
and 3 respectively. Next a detailed description of the ab-initio
calculations on the third order elastic constants is given and their
dependence on the strain measure is discussed. In Sections 5 and
6 we focus on the FEM calculations: the strain and electric poten-
tial distributions are given and the influence of the non-linearity
on the properties of QDs is discussed. Finally in Section 7 we
summarize our results.

2. Finite strain measures

In the theory of nonlinear elasticity the deformation tensor
F is decomposed into the (orthogonal) rotation tensor R and the
(symmetric) right or left stretch tensors U or V,

F=RU=VR. (1)

Definition By Lagrangian and Eulerian strain tensors we mean
two tensor functions

d,

153

= flw)weu and ng(‘/i) vi®vi, (2
where wy, wy, Vi, vi denote respectively the i-th eigenvalues and

unit eigenvectors of the right and left stretch tensors, while f(-)
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denotes an arbitrarily chosen C* monotonically increasing func-
tion f(xz) : RY > x — f € R which satisfies the conditions

f(@)]z=1 = 0 and df(’“) ooy = L

This definition includes the well-known Seth-Hill family of
the Lagrangian and Eulerian strain measures:

df | (U™ —1) for m#0,
€= {mU for m =0, 3
and
g | E(V™—1) for m#0, @
"IV for m =0,

where m is a real number. This family, called often a family of
generalized strain measures, was noted first by Seth [12] and next
it has been widely popularized thanks to papers by Hill [7]. Our
definition includes not only strains from the Seth-Hill family but
also many others, cf. [4].

3. Second and third order elastic constants

The third-order elastic constants are determinable experimen-
tally by measurement of small changes of ultrasonic wave ve-
locities in stressed crystals. Contrary to the traditional (second-
order) elastic constants the third order elastic constants depend
sensitively on the strain measure. Usually, the constants are de-
termined for the Green strain measure which corresponds to the
Lagrangian strain (see Eqn 3) for m = 2 and it is often called the
Lagrangian strain (see for example Refs [3, 14, 6, 16]).

In order to demonstrate the sensitive dependence of the con-
stants on the choice of the strain measure, let us first assume that a
hyperelastic material satisfies the following specific strain energy
function:

~ 1 1 ]k:l/\ ~ ANijklmn~ ~

’(l)(E) — ;\ 2' €ijEkl + C Eij Eklamn ) (5)
where € and C are tensors of the second- and third-order elastic
constants, and p denotes the mass density corresponding to the
volume of undeformed lattice. In other words % is the specific
energy corresponding not to the volume but to the mass of crys-
tal. Differentiation of the last equation over general strain gives
the following equation for the conjugate stress:

1.~ &
~£:C:g, ©

2
where the colon denotes the double scalar product over two se-
quential indices. Usually, the third-order elastic constants are
determined in relation to the Green strain measure, i.e. € =
%(U2 —1). Obviously, we can rewrite (5) by using another strain
measure. Let us assume for example m’ = 0, i.e. € = In U. By
solving the last relation with respect to U and substituting into (3)
we find the following relation between the respective eigenvalues
of £and &’

0 =C: g+

L [(m’§+1)% 71] for m # 0, m’ # 0,

&) = i(emg—l) for m#0, m' =0, (7
for m =0, m’ #0,

m

L In (m'g +1)

m ’

where & is the " eigenvalue of € while w; is the eigenvector
both of €', € and U. Let us decompose the specific internal en-
ergy function into a power series

~ 171
VEE)) = 557 e+ 5O

+e]s ®

where
,_ 1 *(EE))
S ST =t~ ©
,_ 1 PYEE))
_ 1

Substitution of (8) and (7) into (10) followed by use of the known
formula for derivatives of an isotropic proper-symmetric fourth-
order tensor function of a symmetric second-order tensor we find:

oridkl _ giskl (11)
- )
C/ijklmn _ Cijklmn + (m _ m/) [jijklab/éabmn

+jklmnab/cwzbij _’_\7mnijab/éabk:l]7 (12)

where the representation of J written in any chosen orthonormal
coordinate set takes the form [5]:

1
Tijkimn =§(5ik5jm5|n + 6ik0jndim + GitdjmIkn + il djnOkm

+ Jim0jkOin + Gimdjidkn + dindjkim + Gindjidkm).  (13)
3.1.  Elastic constants for hexagonal crystals

Since the strain and stress tensors are symmetric, only six
among nine stress/strain components are independent. Therefore
it is convenient to use the Voight notation reducing the number of
subscripts 11 — 1,22 — 2,33 — 3,23 — 4,13 — 5,12 — 6.
Then we can rewrite (6) in the form:

PP PN

0 = Cij€; + §Cijk~€j€k7 (14)
It is worth emphasizing that in the Voight notation the mixed
components of strains are double while the analogical stress com-
ponents are single. Therefore in some cases another notation
based on the so-called normalized measures, where the shear
stress and strain components are multiplied by /2, are used.
Nevertheless, the normalized stress/strain notations seem to be
inconvenient in the case of the use of third order elastic constants.

3.2.  Hexagonal systems

The following point symmetry groups are included to hexag-
onal symmetry: 6,6, 2,622, 6mm,6m2, 2mm. From the
viewpoint of symmetry of the elastic constants the group can be
divided into two subsystems, called respectively subsystems 10
and 11. Nevertheless, for the second order elastic tensor the men-
tioned subsystems makes no difference. The difference between
the subsystems manifests only the higher order constants, e.g. the
third order constants.

For hexagonal systems the representation of the second order
elastic tensor is composed of five mutually independent elastic
constants, €11, C12, C13, €33 and Ca4:

/C\ll /C\IQ 813
C12 C11 C13
~ C13 C13 (€33 : : :
Ci]'} = i . . (15)
L@ — )

For hexagonal systems we find two two-fold eigenvalues,
¢1, ¢3 and two one-fold eigenvalues ¢z, ¢4 which correspond to
the following eigenvectors, cf. [13]:

Bupl =[] +kp[ i, EI=[T0]

ai=[it) ma=[5] m=[i0]
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@33 —C11 —C1a+/(G33—C11—C12)2+833,
2C13 .

where k1 /5 =

The eigenvectors €1, ,€1, and €3,,&3, compose respectively
the vector bases for two two-dimensional subspaces of eigenvec-
tors. Each linear combination of 511 and §12 gives a vector which
is a member of the same subspace. Nevertheless, the elemental
vectors from which the eigenvectors €1, /o are built up in (19),

i.e. the 6-dimensional vectors [ -1 } and [ - i]’ are not mem-

bers of the mentioned subspace. Only two linear combinations of
these two 6 order vectors corresponding to the fixed values k1
and k2 span the mentioned subspace.

The subsystem 11 (6m2, 6mm, 622, Smm) of the hexag-
onal symmetry is the corresponding for wurtzite crystals.
In this subsystem we find ten independent third order elas-
tic constants.  All non-zero constants are the following:
Ch11, C222, C333, C112, C113, C123, C133, Craa, Cis5, Caaa. As
has already been mentioned the third order elastic constants de-
pend sensetively on the strain measure used to determine them.
Therefore, changing the strain measure the third order elastic con-
stants must be recalculated according to [5]. For subsystem 11 we
find the following transformation rules:

5111 =Chi + 3(m — m')cu,

6{44 = 6144 + i(m — m')(’c};; + Ci2),

Chao = Caza + 3(m — m/)en,

5155 = Chss + i(m —m/)(Ci3 + Ci1 + 4Cua),
Clas = Cazs + 3(m — m')ess, (17
é7:@44 = Chaa + i(m —m')(Cas + Ca3 + 4Caa),

5112 = 6112 + (m— 7”11/)5127

Clss = Ciss + (m —m')és,
5113 = a113 +(m—m
Clas = Cuas.

In this work the determination of the third order elastic con-
stants is based in the Biot strain measure (m = 1):

e=U-1.

/)/0\13,

(18)
4. Ab-initio determination of third order elastic constants.

Previous ab-initio calculations on the non-linearity of the
elastic constants of group-III Nitrides materials system were per-
formed by a number of volume conserving strain deformations
for different pressures/volumes [9]. Although this approach pro-
vides the pressure dependence of the elastic constants it cannot
be easily extended in order to address the strain measure inde-
pendent third order elastic constants [5]. In the present work
we calculate the 10 independent third order elastic constants of
Al,Ga;«N alloys using the Biot strain measure [10]. Total energy
and force calculations are performed within the Density Func-
tional Theory (DFT) in the plane-wave pseudopotential approach

as implemented in the SFHINGX code [8] for six linearly inde-
pendent strain deformation paths. The Perdew-Berke-Ernzehof
Generalized Gradient Approximation (PBE-GGA) is used to de-
scribe exchange and correlation. Soft Troullier-Martin pseudopo-
tentials [15] are used and the Ga 3d electrons are treated in the
valence band. The Brillouin zone is sampled by an equivalent
3x3x1 Monkhorst-Pack k-point sampling for the wurtzite unit
cell. The planewaves are expanded up to the value 90 Ry cut-
off energy. GaN and AIN have been described within a 1x1x1
supercell while for the random Al,Ga;«N alloys 2x2x2 super-
cells have been used. The random alloys were modeled using the
Special Quasirandom Structures (SQS) [18].

The 10 independent third order elastic constants for the
wurtzite structure are determined by using the Biot strain mea-
sure (see Eqn (18)). The corresponding strain deformations are
applied along the following trial strain directions:

el=[7] m=[s] EI=[4) "
il PR O B R E

2
The second and third order elastic constant are calculated using
the second and third order derivatives' of the total energy:

™)

S

Cij - paa@’s\] ) (20)
A~ a3¢

Cijr = piaaaéjaék ) 2D

where the total deformation gradient is obtained as F = F;F;F,
where:
F:=1+5¢,. (22)

Using the total deformation gradient we can determine the

current position of any crystallographic axis, e.g.
a]p] = Fﬁh az = Fﬁg, C = FE, (23)
where aj,as, c and a1, as, ¢ denote the main crystallographic
axes for the current and reference configurations, respectively.
The mesh step A is as small as 0.005. The calculated second and
third order elastic constants for GaN and AIN are listed in Tables
2 and 1 respectively.

Additionally, using Eqn (17) the third order elastic constants
obtained for the Biot strain have been recalculated to the Hencky
(logarithmic) and Green (also called Lagrangian) strain and gath-
ered together in Table 2. Contrary to the third order elastic con-
stants the second order ones are invariant with respect to the strain
measure.

!The Finite Difference Method gives the following formulas for the second and third order derivatives of strain energy

0%Y; .k itk — Yio141,6 — Vi1, -1, T Yi—1,5-1,k

2
O7%igk _ Yit1,gk"2%i gkt Vio1k
a2z

) B
ATE

ik Yig2gk — Yim2,k — 2%it1 gk + 2014k
- b

Oxdy LYARYANY 7

3P; ik i1kt — i1 kb1 — Vi1, k41 + i1, —1, k41

O3z 2A3

=it 41,61 F Vi1 41, k-1 F Vig1 -1, k—1 — Vie1,j-1,k—1

0x0y0z 8ALAyAL

i _ itttk — Yitig—1,k — 2%igtin 2% 51,k + Yic e — Yis1i-1k

+ 8ALAYAL

02x0y 2A2A,

sequential strain directions (19) are Ay, = i1 — @i, Ay = Tjp1 — T4, Dz = Tip1 — Ty

)

, where the respective finite differences in 3 among 6 independent
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Table 1: Second order elastic constants [in GPa] determined by
ab-initio calculations. Our calculations of the second order elas-
tic constants of random Al,Ga;_N alloys for £=0.25, 0.5, and
0.75 (not listed here) reveal an almost linear behavior with respect
to alloy composition.

GaN AIN

Ci1 C12 C13 €33 C44 Cgs | C11 C12 C13 C33 Ca4 Ce6

359 123 87 383 98 117|371 120 92 348 112 125

5. Piezoelectricity

We use the following constitutive equations
6=¢:(—ém)+e"E, (24)
P—¢E+e:(E—&u)+ P, (25)
where the stiffness tensor satisfies the condition
¢ =¢+ C:(—Eaw), (26)

c, C denote the second and third order elastic constants, and

€, €, Py, are the piezoelectric, dielectric tensors and spontaneous
polarization vector determined in relation to the undeformed con-
figuration state. By assumption they all satisfy here a linear (Ve-

gard) law dependent on % molar fraction, e.g.
gch = aGaN T+ aAIN (1 - fE), 27)
Psp = Popen  + Ppan (1-=), (28)

where an and g,y are the respective Vegard coefficients tensors.
6. Finite element method

We solve the following differential equation set

dive = 0,
{divP =0, 29

where the Cauchy stress and electric polarity referred to the cur-
rent configuration are

0=A:(C:(—Exn)+e"E)det F ', (30)
P=F(EE+&: (€ —&m)+Psyp)det F . 31)

The fourth order transformation tensor A depends on strain,
A = A(e). The mathematical executive formula of the function
A(e) transforming the stress conjugate by work with given strain
measure to the Cauchy stress tensor depends on the choice of
strain measure (see [5]). In FE simulations we have used the log-
arithmic (Hencky) strain for which the aforementioned formula
rewritten in the strain eigenvector basis takes form

~ 1
Aj=q _a-5
sinh (& —§j)

6.1. FE results

for & =g,

for & # g. (32)

In the considered example we used 2616 3D brick second-
order Lagrangian elements. The total size of the mesh was
10.925nm x 10.925nm x 12nm. The QD is taken to have a trun-
cated hexagonal pyramidal shape. The unit cell, along with the
embeddeed QD are shown in Figure 1(a). The second and first
order shape functions spanned respectively on 27 and 8-corner

nodes were employed. In each node the following 5 variables
were stored: 3 nodal displacements, electric potential and Gg”Al
molar fraction. For molar fraction we used the first order (linear)
8-node shape function while to avoid elastic incompatibilities the
second-order (parabolic) shape function was used both for the
displacements and the electric potential. Thanks to this approach
the chemical composition was obtained as a continuous multilin-
ear function within finite elements as it is clearly depicted in Fig-
ure 1(b). The chemical composition was constrained in all nodes.
In result, the boundary value problem was solved for not 5 but
4 degrees of freedom: 3 displacements + electric potential. The
multipoint boundary condition was imposed on displacements in
the z direction. The electric potential was assumed to be zero on
the bottom and top surfaces.

xinAlGa, N
1.00

Figure 1: (a) Schematic representation of the simulation cell. The
truncated pyramidal shape GaN QD is embedded in AIN host
matrix. (b) Cross section cut of the simulation cell depicting
the chemical composition distribution: The composition varies
smoothly from x = 0 (pure AIN) in the host matrix to x = 1
(pure GaN) in the QD.

If Figure 2(a) and (b) the stress components o, as derived
from our FM calculations without and with using the third order
elastic constants respectively are shown. Qualitative differences
between the two distributions exists for the region at the top of the
simulation cell above the QD. Quantitatively the use of third or-
der elastic constants result in more than 6% larger absolute stress
values. Similar effect was found for the other stress components.

(a)

Oxx [in GPa] (b) Oyx [in GPa]

267 292

1.83 201
085 iy 111
142 208
701 695
154 -1.60
-239 -250
323 -3.40
-4.07 431
492 -521
576 611
-6.60 -7.02
744 792

Figure 2: The stress components o, calculated without (a) and
with (b) taking into account the third order elastic constants.

In Figure 3(a) and (b) the electric potential distributions as de-
rived from our FM calculations without and with using the third
order elastic constants respectively are shown. Similar to the case
of the stress components, both pictures are qualitatively similar.
However, the use of third order elastic constants in the FEM cal-
culations results in approximately 5% larger absolute values of
the potential. This is nicely shown in Figure 4 where the poten-
tial along the z-axis for both cases is plotted (x = y = 0). As can
be clearly seen there is a large difference of the potential between
the bottom (z = 0 nm) and the top (z = 4 nm)of the QD of the
order of ~ 1.4 V with interesting consequences for the carriers
localization: holes are expected to be attracted towards the neg-
ative values of the potential, namely towards the bottom of the
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Table 2: Third order elastic constants [in GPa] determined by ab-initio calculations for the Biot strain measure. Based on the trans-
formation rules for the subsystem 11 of the wurtzitic symmetry (Eqn 17), the values corresponding to the Green and Hencky strain

measures are provided.

Strain GaN

measure

Clll C222 C333 Cll2 0113 Cl23 0133 Cl44 CI.SE) 0344

AIN
Ciir Caze 6333 Cuiz 6113 6123 6133 Craa 6'155 6344

Biot
Green
Hencky

-1570 -1360 -1410 -580 -314 -461 -866 121 61
-2740 -2530 -2664 -725 -420 -461 -972 58 -168
-400 -190 -276 -435 -208 -461 -760 184 290

QD, while on the other hand electrons are expected to be trapped
towards the upper part of the QD. These results are in a good qual-
itative agreement with recent calculations by Williams et al. [17]:
they also found a large deviation of the potential along the growth
direction. However, differences in the profile of the potential dis-
tribution as well as in the absolute values of the potential may be
well attributed to a number of different assumption taken in both
works. For example in Ref. [17] it is assumed that the system
is electromechanically uncoupled, and the same isotropic elastic
constants are assumed for both the dot (GaN) and the host matrix
(AIN) materials.

(2) (b)
Electric Potential [V]
805E-01
7.50E-01
6.25€-01
5.00E-01
375601
2550E-01
1.256- 01
0.00E+00
-1.256-01
-2506-01
-375€-01
-5.00E-01
-881E-01

Electric Potential [V]

8.60E-01
7.508-01
6.258-01
5.00€-01
a75€-01
2.508-01
125801
0008400
125801
2.508-01
~375€-01
-5.00E-01
-9.06€-01

Figure 3: The electric potential distributions calculated without
(a) and with (b) taking into account the third order elastic con-
stants.

1.0
0.8 1
0.6
0.4
0.2
0.0

-0.2
-0.4
-0.6

-0.8
-1.0

Electric potential [in V]

0
z [in nm]

Figure 4: Electric potential along the z-axis (x = y = 0) calcu-
lated with (blue line) and without (red line) taking into account
the non-linear effects on the elastic constans. The GaN QD is em-
bedded in the region from z=0 to z=4 nm. The boundary condi-
tions used assume the potential to vanish at the top and the bottom
of the simulation cell.

7. Conclusions

In this paper we have combined ab-initio calculations of the
second and third order elastic constants with FEM calculations
of the strain and polarization constitutive equations, in order to
study the system of a truncated pyramidal shape GaN QD em-
bedded in an AIN host matrix. The 10 independent third order

-236|-3064 -4226 -980 -366
226| -604 -1766 1354

-5]-1830 -3000 187 -217 107 -315 -102 119 -375 -261
8 -315 -1120 45 -640 -445
-68 206 -315 -921 194 -111 -77

elastic constants associated with the wurtzitic crystal symmetry
have been determined by applying corresponding strain deforma-
tions along six linearly independent strain directions. The advan-
tage of this approach is that it provides the strain measure inde-
pendent elastic constants. It has been shown that the third order
elastic constants depend sensitively on the strain measure (see Ta-
ble 1). However, it is worth emphasizing that the so-called linear
strain measure called also infinitesimal strain measure does not
determine the deformed configuration, uniquely. In result, any
comparison and/or quantitative analysis of the third order elastic
constants determined with the use of the linear strain measure is
impossible. Our calculations also reveal that the Vegard’s law is
an excellent approximation for the second order elastic constants
of AlGaN alloys.

The electric potential distribution within the QD is of great
importance for the spatial localization of the carriers. We have
shown that the electric field varies significantly along the growth
direction: It is negative at the bottom of the QD while it takes
positive values at the top of the QD. Thus it is expected that holes
will be attracted at the bottom while electrons at the top of the
nanostructure. Finally, we have shown that the inclusion of third
order elastic constants in our FEM calculation does not qualita-
tively change the potential distribution associated with the QD
system. However, we have also shown that non-linear effects re-
sult in up to 5% larger absolute electric potential values. It is un-
der question if this change may significantly influence the energy
states and the spatial localization of the carriers. It is a matter of
further k- p calculations which will integrate into the Hamiltonian
the stress, and potential distributions derived from the FEM cal-
culations, in order to investigate the of non-linearity on the QD
electron and holes states.
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