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,Q� WKLV�SDSHU� LV�SURSRVHG�WKH�VLPSOH�PHWKRG�RI�DQDO\VLV�RI� WKH�SURFHVV�RI� OLJKW�VFDWWHULQJ�E\��

VRIW�SDUWLFOHV�RI�DUELWUDU\�VKDSH��EDVHG�RQ�LQYHVWLJDWLRQ�LQ�WKH�WKUHH�GLPHQVLRQDO�VSHFWUDO�VSDFH��$V�D�
UHVXOWV�WKH�DSSUR[LPDWLRQ�RI�5D\OHLJK�*DQV�LV�JHQHUDOL]HG�WR�WKH�SDUWLFOHV�RI�DUELWUDU\�VL]H�DQG�VKDSH��
&RPSDULVRQ�ZLWK� WKH�DFFXUDWH�DFFRUGLQJ�WR� WKH�0LH�WKHRU\�IRU� WKH�VSKHUH�VKRZHG�WKDW�D�HUURU� LQ� WKH�
PHWKRG�LV�a�����)RU�LOOXVWUDWLRQ�RI�WKH�SRVVLELOLWLHV�RI�PHWKRG�WKH�LQGLFDWULFHV�DQG�LQWHJUDO�VFDWWHULQJ�
FURVV�VHFWLRQV�ZHUH�FDOFXODWHG�IRU�WKH�VSKHUH��WKH�VSKHURLGV��WKH�SDUDOOHOHSLSHGV�DQG�WKH�F\OLQGHUV��
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7KH�PHWKRGV�RI� WKH�DQDO\VLV�RI� WKH� OLJKW�VFDWWHULQJ�SURFHVV�E\� WKH�QRQVSKHULFDO�SDUWLFOHV� DUH��
FRPSOLFDWHG�DQG�WKH�REWDLQHG�UHVXOWV�GR�QRW�DOORZ�FOHDU�SK\VLFDO�LQWHUSUHWDWLRQ�>�@��,Q�WKLV�SDSHU�D�QHZ�
DSSUR[LPDWLRQ� PHWKRG� LV� UHSUHVHQWHG� RI� WKH� DQDO\VLV� RI� WKH� OLJKW� VFDWWHULQJ� SURFHVV� RI� E\� WKH� VRIW�
SDUWLFOHV� RI� DUELWUDU\� VKDSH� DQG� VL]H�� 7KH� EDVLFV� RI� WKH�PHWKRG� DUH�� ��� ,QWHUDFWLRQ� RI� OLJKW�ZLWK� WKH�
SDUWLFOH�LV�GLYLGHG�LQWR�WZR�SDUWV�>�@��VFDWWHULQJ�LQ�WKH�QDUURZ�VHQVH��L�H���VHFRQGDU\�UDGLDWLRQ�RI�OLJKW�
E\�WKH�VXEVWDQFH�RI�SDUWLFOH��DQG�GLIIUDFWLRQ��LQ�WKH�QDUURZ�VHQVH��RI�LQFLGHQW�ZDYH�RQ�WKH�DSHUWXUH�LQ�
VFUHHQ��ZKLFK�KDYH�WKH�VKDSH�RI�WKH�SDUWLFOH�VKDGRZ�����7KH�DQDO\VLV�RI�VFDWWHULQJ��LQ�WKH�QDUURZ�VHQVH��
LV�PDGH�LQ�WKH�WKUHH�GLPHQVLRQDO�VSHFWUDO�VSDFH�ZLWK�WKH�DLG�RI�WKH�WKUHH�GLPHQVLRQDO�)RXULHU�WUDQVIRUP�
RI�WKH�VFDWWHULQJ�SDUWLFOH��7KH�XVH�RI�.RWHOQLNRY�6KDQQRQ�GHFRPSRVLWLRQ�PDNHV�LW�SRVVLEOH�WR�H[WHQG�
WKH�5D\OHLJK�*DQV�DSSUR[LPDWLRQ�WR�WKH�SDUWLFOHV�RI�DUELWUDU\�VL]H�DQG�VKDSH�>�@�����7KH�VXPPLQJ�XS�
RI� WKH� VFDWWHUHG� DQG� GLIIUDFWHG� ILHOGV� LV� PDGH� WDNLQJ� LQWR� DFFRXQW� WKH� IDFW� WKDW� WKH� SRZHU� RI� WKH�
GLIIUDFWHG�ILHOG�PXVW�EH�HTXDO�WR�WKH�SRZHU�RI�VFDWWHUHG�ILHOG��
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����/HW�XV�H[DPLQH�WKH�SDUWLFOH��ZKRVH�VKDSH�LV�GHVFULEHG�E\�WKH�DUELWUDU\�IXQFWLRQ�)�U����)�U��≡���
LQVLGH� WKH� SDUWLFOH� DQG� )�U��  � �� RXWVLGH� LW�� 5HIUDFWLYH� LQGH[� RI� WKH� VXEVWDQFH� RI� SDUWLFOH� DQG�
HQYLURQPHQW�DUH�Q � �DQG�Q � ��DFFRUGLQJO\��UHODWLYH�UHIUDFWLYH�LQGH[�P� �Q � �Q � ��IRU�WKH�VRIW�SDUWLFOHV�P�≈����
7KH�SODQH�PRQRFKURPDWLF�HOHFWURPDJQHWLF�ZDYH�LV�LQFLGHQW�RQ�SDUWLFOH��7KH�ZDYH�LV�SURSDJDWHG�DORQJ�
WKH�D[LV�=��LW�LV�SRODUL]HG�DORQJ�WKH�D[LV�;�� �� ���H(( 0
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��)RU� WKH� FDVH� P� ≈� �� LW� LV� SRVVLEOH� WR� XVH� WKH� :.%�DSSUR[LPDWLRQ� HVVHQWLDOO\� FORVH� WR� WKH�
DSSUR[LPDWLRQ�RI�DQRPDORXV�GLIIUDFWLRQ�>�@��$FFRUGLQJO\�� WKH�ZDYH�LQ� WKH�SDUWLFOH�ZLOO�EH�SODQH��EXW�
ZLWK�D�GLIIHUHQW�ZDYH�YHFWRU�N � � �PN � �� �� 	
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HOHPHQW� RI� YROXPH� RI� WKH� SDUWLFOH� DSSHDUV� D� YHFWRU� RI� HOHFWULFDO� SRODUL]DWLRQ� ZLWK� WKH� DPSOLWXGH�
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LV� WKH�VRXUFH�RI�VHFRQGDU\�ZDYH� )(U( � �� L�H��� WKH�ZDYH� LV� VFDWWHUHG� �UH�HPLWWHG��E\� WKH�SDUWLFOH�� ,W� LV�
FRQYHQLHQW� WR� LQYHVWLJDWH� WKH�VFDWWHULQJ�ILHOG� � LQ� WKH� WKUHH�GLPHQVLRQDO�VSHFWUDO� VSDFH�>�@��7KH�WKUHH�
GLPHQVLRQDO�VSDFH�VSHFWUXP�RI�WKH�SHUWXUEDWLRQ�RI�GLHOHFWULF�FRQVWDQW��)RXULHU�GHFRPSRVLWLRQ�LQ�WHUPV�
RI�WKH�ZDYH�YHFWRU� DT=ρ ��ZLOO�EH� )()( ρερε 9I∆=∆ ��ZKHUH�WKH�QRUPDOL]HG�VSHFWUXP�RI�SDUWLFOH�

9)I /)()( ρρ = �� 3’3 ’)’()( ∫∫∫ −= GUHU)D) 
� ρρ �� 9�  � χD � � LV� WKH� YROXPH� RI� SDUWLFOH�� χ� LV� WKH�
FRHIILFLHQW��GHSHQGLQJ�RQ�WKH�VKDSH�RI�SDUWLFOH��)RU�WKH�SDUWLFOH�RI�D�OLPLWHG�YROXPH�I�ρ��LV�FRQWLQXRXV�



ZLWK�WKH�PD[LPXP�DW��ρ� ����6LQFH�WKH�GLVWULEXWLRQ�RI�S�U��LV�D�SURGXFW�∆ε�DQG� � ��WKH�VSHFWUXP�RI�S�T��
LV� D� FRQYROXWLRQ� RI� WKHLU� VSHFWUD�� 7KH� VSHFWUXP� RI� SODQH� ZDYH� LV� D� δ�IXQFWLRQ�� 5HVSHFWLYHO\�� WKH�
FRQYROXWLRQ�RI�VSHFWUD�LV�WR�WUDQVIHU�RI�]HUR�VSHFWUD�∆ε��LQWR�WKH�H[WUHPH�SRLQWV�RI�WKH�ZDYH�YHFWRU�N � �
�)LJ�����)XUWKHU�ZLWK�WKH�DLG�RI�WKH�H[SDQVLRQ�RI�.RWHOQLNRY�6KDQQRQ�>�@�LW�VKRZV�WKDW�WKH�FRQWULEXWLRQ�
WR�WKH�VFDWWHULQJ�JLYH�RQO\�WKRVH�VSHFWUDO�FRPSRQHQWV�RI��S�T�, which intersect by Ewald’s sphere of the 
UDGLXV� N� �)LJ����� L�H��� VDWLVI\� %UDJJ
V� FRQGLWLRQV�� 7KH� DQJXODU� GLVWULEXWLRQ� RI� VFDWWHULQJ� ILHOG� LV�
GHWHUPLQHG�E\�WKH�H[SUHVVLRQ��FORVH�WR�WKH�5D\OHLJK�*DQV�IRUPXOD��
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ZKHUH�����χ � � �6�D � �����6����LV����WKH����DUHD����RI���VKDGRZ�����T � � ��ρ 22 )1()2/(sin −+ PP ϑ ��ϑ � � ������
 �DVLQ�VLQϑ� 22 )1(sin −+ PP ϑ �DQG�ϕ�DUH�FRRUGLQDWHV�RI�WKH�VSHFWUDO�FRPSRQHQW��LQWHUVHFWHG�E\�
(ZDOG
V�VSKHUH��= �  εµ / ��LV�ZDYH�LPSHGDQFH�RI�VSDFH��3 � LV�SRZHU�RI�WKH�LQFLGHQW�ZDYH�WR�6��0DLQ�
GLIIHUHQFH�IURP�5D\OHLJK�*DQV�DSSUR[LPDWLRQ�LV�VKLIW�RI�WKH�VSHFWUXP�FHQWHU�RI��S�T�  from Ewald’s 
VSKHUH� �)LJ����� LQ� RWKHU� ZRUGV� WKH� UHSODFHPHQW� 2/sin2 ϑNT = � WR� WKH� YDOXH� �T �� ZKLFK� VDWLVILHV�
%UDJJ
V�FRQGLWLRQV��7KH�GLVSODFHPHQW�FRQILQH�LQFUHDVH� �( �DQG�PDNHV�LW�SRVVLEOH�WR�XVH�WKH�IRUPXOD�����
for particles of arbitrary size and to calculate the scattered (in the narrow sense) field of the “soft” 
SDUWLFOH�RI�DQ\�VKDSH��
�

)LJ����&RQVWUXFWLRQ�LQ�WKH�VSHFWUDO�VSDFH����–���DUH�PD[LPD�DQG���–���DUH�PLQLPD�RI�VSHFWUDO�GHQVLW\�
(based on the sample of a sphere); 7 is Ewald’s sphere; 8 is �N �����LV�T ��
)LJ����&DOFXODWHG�4�IRU�WKH�VSKHUH�ZLWK�P� �����������P� ����������DQG�P� �����������
�
��� 'LIIUDFWLRQ��LQ�WKH�QDUURZ�VHQVH���
�

7KH�VHFRQG�SDUW�RI�WKH�FRPSOHWH�ILHOG�LV�GHWHUPLQHG�E\�GLIIUDFWLRQ��7KH�VFDWWHUHG�HQHUJ\�LV�GUDZQ�
IURP� WKH� LQFLGHQW� ZDYH�� LQ� ZKLFK� LV� IRUPHG� WKH� KROH� ZLWK� WKH� VKDSH� RI� WKH� SDUWLFOH� VKDGRZ�� 7KLV�
SURFHVV�FDQ�EH�LQWHUSUHWHG�DV�WKH�HPLVVLRQ�RI�WKH�DSHUWXUH�WKH�ZDYH�LQ�DQWLSKDVH��)LHOG�GLVWULEXWLRQ�RI�
WKLV� ZDYH� LQ� WKH� IDU� ]RQH� LV� SRVVLEOH� LQ� WKH� VFDODU� DSSUR[LPDWLRQ� HDV\� WR� ILQG� E\� WKH� PHWKRG� RI�
+X\JHQV�.LUFKKRII�)UHVQHO� >�@�� 6LQFH� WKH� GLIIUDFWLRQ�ZDYH� LV� LQWHQGHG� IRU� WKH� FRPSHQVDWLRQ� LQ� WKH�
LQFLGHQW�ZDYH� RI� WKH� ILHOGV� VFDWWHUHG�� WKH� HQHUJ\� WUDQVIHUUHG� E\� LW�PXVW� FRUUHVSRQG� SUHFLVHO\� WR� WKH�
HQHUJ\�RI�WKH�VFDWWHUHG�ILHOG��EXW�WKH\�ZLOO�QRW�EH�GHWHUPLQHG�E\�WKH�HQHUJ\��ZKLFK�IDOOV�WR�WKH�DUHD�6���
�
��� &RPSOHWH�ILHOG�VFDWWHUHG�E\�SDUWLFOH��
�
7KH�GLVWULEXWLRQ�RI�FRPSOHWH�ILHOG�PDNHV�LW�SRVVLEOH�WR�GHWHUPLQH�WKH�LQGLFDWUL[�RI�VFDWWHULQJ�DQG��
HIILFLHQF\�IDFWRU��RU�LQWHJUDO�VFDWWHULQJ�FURVV�VHFWLRQ��4 � � �3 � ��3 � ��7KH�ILQGLQJ�RI�FRPSOHWH�ILHOG�LV�



FRQGXFWHG�WKUHH�VWDJHV�����&DOFXODWLRQ�RI�WKH�VFDWWHUHG�ILHOG�����&DOFXODWLRQ�RI�WKH�GLIIUDFWHG�ILHOG�
WDNLQJ�LQWR�DFFRXQW�WKH�VWDQGDUGL]DWLRQ�RI�LWV�HQHUJ\�����6XPPLQJ�XS�RI�WKHVH�ILHOGV���
�
��� 6FDWWHULQJ�RI�OLJKW�E\�VSKHUH�
��

)RU�WKH�LOOXVWUDWLRQ�RI�PHWKRG�DQG�HVWLPDWLRQ�RI�LWV�HUURU�OHW�XV�H[DPLQH�VFDWWHULQJ�E\�WKH�VSKHUH�RI�
UDGLXV�D��ZKRVH�WKUHH�GLPHQVLRQDO�VSDFH�VSHFWUXP�LV�GHVFULEHG�E\�WKH�NQRZQ�IRUPXOD��
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,Q�)LJ��� DUH� VKRZQ� WKH� FDOFXODWHG� JUDSKV�4�ρ�� DQG� FRPSDULVRQ�ZLWK� WKH�0LH� WKHRU\� �)LJ������� ,W� LV�
HYLGHQW�� WKDW� DQ� HUURU� RI� WKH� PHWKRG� LV� RI� WKH� RUGHU� a����� ,Q� )LJ��� DUH� VKRZQ� WKH� LQGLFDWULFHV��
&RQVWUXFWLRQ� LQ� WKH� VSHFWUDO� VSDFH� �)LJ���� PDNHV� LW� SRVVLEOH� WR� LQWHUSUHW� WKH� REWDLQHG� UHVXOWV�� ,W� LV�
HYLGHQW�WKDW�WKH�PD[LPD�DQG�WKH�PLQLPD�4�ρ��correspond to falling on the Ewald’ s sphere of maxima 
DQG�PLQLPD�RI�WKH�VSHFWUXP�I�ρ���,W�LV�HYLGHQW�WKDW�LQ�WKH�FDVH�RI�VSKHUH�ZLWK�QRW�YHU\�VPDOO�ρ�WKH�PDLQ�
OREH�LV�GHILQHG��LQ�HVVHQFH��E\�GLIIUDFWLRQ��LWV�LQWHQVLW\�JURZV�DV�ρ � ��ZKLOH�VLGH�OREHV�DUH�GHWHUPLQHG��LQ�
HVVHQFH��E\�VFDWWHULQJ��PRUHRYHU��ZLWK�WKH�JURZWK�ρ�WKHLU�HQYHORSH�GRHV�QRW�FKDQJH��FKDQJHV�RQO\�WKH�
QXPEHU�DQG�WKH�GLUHFWLRQ�RI�OREHV��

)LJ����&DOFXODWHG�4������4�ZLWK�GDWD�RI�0LH�����DQG�GDWD�RI�YDQ�GH�+XOVW�����IRU�VSKHUH�P� ������
)LJ����'HYLDWLRQ�RI�FDOFXODWHG�4�����DQG�GDWD�RI�YDQ�GH�+XOVW�����IURP�GDWD�RI�0LH��
�

)LJ���� 7KH� VSKHUH� LQGLFDWUL[� ZLWK� P�  � ����� �� ρ =16, (1), its components of “scattering” (2) and 
“diffraction” (3).�
)LJ����&RQVWUXFWLRQ�LQ�WKH�VSHFWUDO�VSDFH�IRU�WKH�FXEH����– 3 are maxima, k is Ewald’ s sphere.�
�
��� 6FDWWHULQJ�RI�OLJKW�E\�D�SDUDOOHOHSLSHG��
�

7KH� WKUHH�GLPHQVLRQDO� VSHFWUXP� RI� SDUDOOHOHSLSHG� WDNHV� WKH� IRUP�
�
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)LJ����&DOFXODWHG�4�IRU�WKH�FXEH�IRU�P� �����������P� ����������DQG��P� ������������
)LJ���� 7KH� FXEH� LQGLFDWUL[� ZLWK�P�  � ����� ��ρ�  ���� ����� LWV� FRPSRQHQWs of “ scattering”  (2) and     
“ diffraction”  (3).�
�7KH� VSHFWUXP� RI� SDUDOOHOHSLSHG� SULQFLSDOO\� GLIIHUV� IURP� WKH� VSHFWUXP� RI� VSKHUH� >�@�� ,WV� PDLQ�

PD[LPD� DUH� DUUDQJHG� DORQJ� WKH� D[HV� ;<=�� WKHLU� DPSOLWXGH� OLQHDUO\� GHFUHDVHV� ZLWK� WKHLU� QXPEHU�
�)LJ����� 7KH\� IRUP� LQ� WKH� VSDFH� LV� WKUHH�GLPHQVLRQDO� FURVV�� EHWZHHQ� ZKLFK� LV� DUUDQJHG� WKH� WKUHH�
GLPHQVLRQDO�QHW�RI�VLGH�OLQH�PD[LPD�ZLWK�PXFK�VPDOOHU�DPSOLWXGH��7KH�VDOLHQW�RI�VSHFWUXP�GHWHUPLQH�
D�GLIIHUHQFH� LQ� WKH�FKDUDFWHULVWLFV�RI� WKH� OLJKW�VFDWWHULQJ�E\�SDUDOOHOHSLSHG� IURP�E\�VSKHUH��6LQFH� WKH�
PDLQ�FRQWULEXWLRQ�WR�WKH�VFDWWHULQJ�LQWURGXFH�WKH�PD[LPD�RI�VSHFWUXP�RQ�WKH�D[LV�=��XSRQ�WKH�IDOOLQJ�WR�
the Ewald’ s sphere of zero spectra (when thickness it is multiple to the integer of waves) scattering in 
SUDFWLFH�GRHV�QRW�RFFXU��4→���)LJ����7KH�FRQWULEXWLRQV�RI�VFDWWHULQJ�DQG�GLIIUDFWLRQ�WR�PDLQ�OREH�RI�
LQGLFDWUL[�DUH�FORVH��KRZHYHU��WKH�VLGH�OREHV�VFDWWHULQJ�SUDFWLFDOO\�GRHV�QRW�JLYH�FRQWULEXWLRQ�DV�D�UHVXOW�
RI�WKH�IDFW�WKDW�WKH�PDLQ�PD[LPD�IURP�WKH�D[LV�<�GR�QRW�IDOO�RQ�(ZDOG
V�VSKHUH��)LJ��������
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� ������%HVLGHV� WKH� VSKHUH� DQG� WKH� SDUDOOHOHSLSHG�� DOVR� WKH� FKDUDFWHULVWLFV� RI� VFDWWHULQJ� E\� VSKHURLGV�
�SURODWH� DQG� REODWH�� DQG� F\OLQGHUV� RI� ILQLWH� OHQJWK� DUH� LQYHVWLJDWHG�� $OO� UHVXOWV� REWDLQ� QDWXUDO�
H[SODQDWLRQ� IURP� WKH� SRLQW� RI� YLHZ� RI� VSDFH� VSHFWUD�� $Q� HUURU� LQ� WKH� UHVXOWV� RI� FDOFXODWLRQV� LV�
DSSUR[LPDWHO\�WKH�VDPH��RUGHU������DV�LQ�PRVW�RI�WKH�DSSUR[LPDWH�PHWKRGV��IRU�H[DPSOH��RI�WKH�YDQ�
GH�+XOVW
V�PHWKRG�>�@��EXW�WKH�WLPH��UHTXLUHG�IRU�WKH�FDOFXODWLRQ�RI�WKH�VFDWWHULQJ�FKDUDFWHULVWLFV�XVXDOO\�
GRHV�QRW�H[FHHG���KRXU��LQ�WKH�PDMRULW\�RI�WKH�FDVHV�EHLQJ�a���PLQXWHV��
� �
$FNQRZOHGJHPHQW�
�
� 7KLV�UHVHDUFK�ZDV�VXSSRUWHG�E\�.%1�JUDQW�1���72�$����������
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