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Summary. Presuming that the incremental free energy is invariant under a change of the Lagrangean finite
strain measure and/or the reference configuration Hill’s transformation rules for the basic quantities occurring in
mechanics of elastic—plastic solids are recasted in general 3D situation. On this background the invariant
incremental plastic work is defined. The basic connections between Hill-Rice theoretical framework and
Eckart-Mandel approach, involving the mobile stress-free configuration, are discussed both in generalized
coordinates and in the tensorial notation. To this end the selected fundamentals of solid mechanics including the
work-conjugacy are recalled. The structure of the updated Lagrangean plastic increment of the total strain is
exhibited accounting for the deformation and stress effects due to possible damage and pressure sensitivity of a
solid. Special simple approximate relations are derived for the situations when non-dilatational elastic strains are
small. The merits of using the logarithmic elastic strain as a state variable are also discussed.
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A HCa ” — Agrarg Cuv

Two special isotropic fourth-order tensor functions P(A) and ®(X) of a second-order argument A
and X (non-singular), respectively, are used throughout the paper:

2Py (A) = A0y + A0y + Ay Osy + Ay 51{&17 (1 )
20y (X ) = (X X ow + XX ) . (2 )

Let B be the arbitrary symmetric tensor. The basic properties of the operators P and ® are

P(A)B —AB+BA, ©(X)B—XBX', (3.1,2)

P(A)B —P(A)B —AB+BA, P(I)—2I, (3.3,4)

O(X) = 0(X), OX)=0X), O1)=I, (35-7)

O(XY) = 0(X)0(Y), (3.8)

O(X)P(X) = PX)0(X), OX)P(X)= P(X)0(X) = P(X), (3.9, 10)
/-/5 Y -1

0X) OX)=PXX)=-PXX). (3.11)

2 Introduction

Suppose that two observers adopt different Lagrangean strain measure and/or different reference
configuration to describe the elastic—plastic behavior of the same real material. The mathematical
form of the obtained constitutive equations will be in general different, and the natural question
arises: what are the transformation rules linking the particular constitutive objects and what
quantities and concepts are invariants. The foundations for systematic analysis of this type of
invariance in Lagrangean solid mechanics has been developed by Hill in [1] and later extended to
thermoelasticity in [2]. The brief discussion of the invariance of thermal effects in thermoplasticity
can also be found in [3] including the partially integrated thermodynamic potentials. The present
paper is the companion to [4] where the basic aspects of invariance are discussed on the example of
simple tension. Here a similar analysis is performed in 3D situation including the original elements:
definition of invariant plastic work within Hill-Rice (H-R) theoretical framework, general
transformation formulas from H-R to Eckart-Mandel (E-M) approach involving concept of stress-
free configuration and accounting for deformation effects due to the possible damage and pressure-
sensitivity. To exhibit the structure of updated plastic increment of the total strain in the actual
configuration special attention is drawn to the most frequent situation encountered in practice — i.e.,
small elastic distortions.

To make the paper self-contained we present in Sect. 3.1 our own synthesis of the kinematics
and work-conjugacy including a special class of confined deformations. This supports the
illustrative examples of transformation rules written in the tensorial notation in Sects. 3.5 and
4.2-4.4. The concise discussion of basic elements of H-R theoretical framework and the subtle
aspects of invariance, the definition of invariant incremental plastic work, as well as the
transformation of the incremental equations into the mobile Lagrangean stress free configuration
(E-M approach) are presented in terms of generalized coordinates in Sects. 3.2-3.4 and 4.1. The
structure of the rate form of the state equations in updated Lagrangean configuration is discussed
in Sect. 4.4.
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3 Selected aspects of Hill-Rice theoretical framework
3.1 Preliminaries
a. Strain measures. Selected aspects of kinematics

(i) The very concept of strain involves two arbitrary factors: the strain measure and the reference
configuration that can be chosen at will. We shall here restrict the attention to the popular class of
strain measures defined by

1 2n 2. n (’11%7] — 1)
E(n) :f(U) = %(U - 1) = ZEK(n)NK ®NK7 E/((n) = T,
K=1

(4.1,2)
where N (K = 1,2, 3) are unit vectors (Lagrangean triad) along principal directions of the right stretch
tensor U oc<T:urring in the polar decomposition F = RU of the deformation tensor F (R is the polar
rotation, R R = 1). The symbols 4, and /() (K = 1,2, 3) denote principal stretches and principal
values of the strain tensor E(72). Henceforth, the over barred array symbols will denote the components
of any tensor on the principal triad V. The parameter 7 occurring in the bracket of E(72) represents the
chosen strain measure f which is selected to be coaxial with U (7 is a real number).

By substituting U = J'/3U (where J = detF) into (4.1) one arrives at the following well-known
dilatational-strain distortion decomposition of E(n) (cf., e.g., [5], [6]):

E(n)=E,(n)+ Jzn/gEn (n),

1 . 1 y
Ey(n) =5 (2" = )1, Ey(n) = ()P0 - 1),

®)

where E,,(n) is an appropriate measure of strain distortions. The knowledge of E (1) alone suffices
to calculate the variation of angles between two material fibers in the course of straining. However, it
is not sufficient to determine the dilatational changes. The standard additive decomposition of E into
the spherical and deviatoric parts has a similar physical meaning only when the logarithmic strain
measure is employed (2 = 0),
lim E, (n) = E,(0) = (1/3)(InJ)1,  lim J*BE,(n) = E*(0) = devE(0). (6)
The ratios 4, /A are expressible in the elementary manner in terms of principal components E’f(O) of
E®(0), 7,/ = exp[E?(0) — EX(0)]. . .

(ii) The incremental variation of strain is dE (n) = E(n)dt, where E(n) is the time derivative of
Lagrangean strain E(n) (direct strain flux [1]). Denote by D” the Lagrangean strain-rate induced
from the Eulerian strain-rate D (stretching) by the polar rotation R,

T T . -1
D'=@R)D, 2D=L+L, L=FF, (7)

where @ is defined in (2), and suppose that at the generic instant ¢ of a process of deformation the
current shape of the material element (m.e.) is known (i.e., known is U or E(n)). The important
question arises: what is the kinematic relation between two different incremental variations of strains

E(n)dt and D*dt?
The answer may be found in Hill [1] (see also [7, Chap. 2]):

22" Dige for K =L, (IK)

" n) = _ X ) .
Eqn) = gm vaMN = yu /{27l _ 2ny g
(n) MDKL for K #L, (K,L), (8)

2 _ 2

n(i — A7)
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where ET]K,_ (n) and Dy, are the components1 of E(n) and D" on the Lagrangean triad N . The array
(1) . . .
&, represents the components (on the principal triad) of the family (parameter 72) of fourth-order
pairwise symmetric tensor functions £ (U ) defined by (8)

-1
En) =" U)D", D*=E"EMn). 9)

Equation (8) is valid also in the limit when two different principal stretches become equal. If
A¢ — A, the limiting relation is

Eq(n) = 2"Dy,  (IK).

-1

1 .
It can readily be verified that £1/% = 05P(U),EY = O(U) [cf. (1)~(3)] and E7Y = O(U),

E-Y = €W Hence, Eq. (8) includes the familiar index-free relations between D" and E (n) for

n = 1 (Green measure), 72 = —1 (Almansi measure) and for the stretch strain measures 72 = £1/2,
1. =T . .

D“’:@(E])E’(il) =D=0O(F)E(1) =0O(F)E(-1), (10.1)

oD = P(U)E(+1/2). (10.2)

T
To find the index-free form of the inverse of (10.2) denote by @ = 0.5(L — L) the usual Eulerian
T
body spin and by Aw = @(R)Aw® the Lagrangean measure of the difference between the body spin

. T
and the polar spin o = RR, Aw* = o — o". It can be shown that Aw is the following singularity-
free function of U and D":

1

Ao = ——
@ detG

G(U)(UD; - DiU)G(U), GU)=(uU)-U, (11)

where DY, = devD". It is the solution of the algebraic equation
AoU + UAow = UD, — DU. (12)

The alternative mathematical forms of (11) can be found, e.g., in [8], [9]. Once Aw is a known
function of D” the strain rates E(£1/2) may be expressed in terms of D* by substituting (11) into
the following formula:

E(+1/2) = P(U)D" + [Aw U-uU Aw] : (13)

When 27 is an integer (12 # 0) the more complex index-free form of gm may be found by using
the relation E (1/2) — E (n) presented in [7, Chap. 3]. We shall not pursue this matter further here.
It is noted instead that the diagonal components of the tensor expressions E(7)Q" — Q" E(n) on the
principal triad N, vanish for an arbitrary skew-symmetric tensor Q*. Hence the normal components
EKK(I/Z) = U (K") on the principal triad N, are equal to Doy Une = I (K!), and (13) implies
Dy = s /¢ (K!) that holds “regardless of rotational history” [1], [9]. The indicated property of the
above tensor expression enables also to present formally the kinematic relation (8) in the new form

En) +En)Q"™ — QMEn) = 0U")D*, uE(n)=u(U"D"), (14)

where Q" is the skew-symmetric function of U and D* (linear in D"). The non-zero components of
Q" on principal triad N are (K # L)

! The arrays By, and D,, are also the components of the Eulerian tensors e(n) = O(R)E(n) and D on the Eulerian
triad n, = RN representing the principal directions of the left stretch tensor V (F = V R).
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(n) = 2%27/1? = ~ Z)LL;LK =
o _q, Nt p o _Sht b KL 15
g e .

such that Q*Y) =0 and limy, ., QEZ) = 0. The array Q. represents the spin N, ®N, of the
Lagrangean triad, well determined provided that 4, # 4, [1].
The Eulerian counterpart of (14) is

ée(n) +e(n)o™ —w™e(n) = O(V")D, (16)
where the new family of “n-strain spins” @ is defined by
o = o+ OR)[Q" — Av] (17)

and the components on the principal triad of Aw [cf. (11)] are Ay = (A, — A¢) Dix /(A + 2)-
Since the components of Q" and o™ depend only on ratios of principal stretches the skew-
symmetric tensors Q") and o™ are unaffected by the dilatational part of the deformation. Because
of Q&Y = 0 the combination of the Eulerian counterpart of (11) with (16) leads to the index-free
form of the relations between D and the Zaremba—Jaumann derivatives of e(41). They will not be
presented here. In the limit %7 — 0 one arrives at the Lagrangean Q" and Eulerian »©
“logarithmic” spins. The components of QO on N, are (I # K)

LK

_ { 20, 2 1

0) — - D, (!
. 22 m(z,(/m}D“ (L), 19

and the components of o can be found from (17),
2+ 1
/Lz — )f ln(/lK/;"L)

@Eg) = Wy +

}DLK (IK,L), (19)

where @, are the components of the body spin @ on the Eulerian triad n.
The flux of any symmetric Eulerian tensor X defined by
DEX

i =X + X0 — 0%Xx (20)

is called “logarithmic corotational rate”. It is the linear function of D, which in general depends on
the selected reference configuration, except for X = e(0) since D'*%e(0)/Dt = D. This notion
together with the notion of logarithmic spin @®) were introduced (by using different mathematical
routes) and advanced in numerous papers by Xiao et al. [10]-[12] (see also [13]).

When the principal components E'ﬁ(O) of E* (0) are small we have the following approximations
of 2,/ and the function g(x) occurring in (18):

R AUR:AU R
“ 2 1 1 @1)
I@) =Tt = =1+,

1—22 Inx 6

where x — 1 represents the expression (/4,/4;) — 1. The expansion of Qig) and @ of such type
leads to the following approximate index-free forms of the expressions defining the logarithmic spins

o — é [E?(0)D’; — DLE(0)] + O([Ed(O)]Z)D’év (22)

o— o

[e(0)Ds — Dye"(0)] + O (e (0) ) Da,

LI =

where D; = dev D.
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Hence
E(0) = D" + O([E*(0)]*)DS;, (23.1)
D;’)(to) =é(0)+e(0)w— we(0) =D + (’)([ed(O)]z)D[" (23.2)

on account of (14) and (16) specified for 7 = 0. Here O is the usual order symbol, and the Zaremba—
Jaumann derivative is denoted by D/Dt. The approximation of E(0) by D*, and De(0)/Dt by D is
close even for the moderate strain distortions [1].

(iii) Let us also recall two basic issues of the kinematics of embedded basis [14], [1]. Having known
all components (contravariant, covariant and mixed) of any tensor K on the deformed embedded
basis one can define four Lagrangean tensors by combining those components with the Lagrangean

~1 T
reference basis [1]. The two induced by deformation tensors K = @(F )K and K" = O(F)K are
symmetric? and their rates define the contravariant 8°K/dt and covariant 6,K/d¢ time derivatives of the
Eulerian tensor K,

——
. ) -1 K . T
OFK" = O(F)O(F)K =~~~ K~ LK~ K(L),
’f (24)
——
-T -7 T o0.K . 7
O(F)K" = O(F)O(F)K =~ =K+ LK +KL,

L1
where L = F'F' is the usual deformation-rate tensor. The relations (24) may be verified, of course, by
the direct time differentiation of K" and K" or by using the join property (3.9, 10) of the operators (0]

and P. They hold also when F is an arbitrary orthogonal tensor, say F' = R where R ’R, Then L
becomes the associated spin L = RR.ForK = 1 the identity (24) reduces to (10.1).

b. Work-conjugate stress measures and their rates

(i) Let ¢* and ¢ be the mass densities of m.e. in a reference and the actual configuration, respectively.
Denote by o the Cauchy’s stress and by © = /¢ the specific Kirchhoff stress. It differs from the
familiar Kirchhoff stress ¢®t by a not important scalar multiplier ¢°. Use of 7 simplifies some
transformation formulas. Moreover, the tensor 7 does not require knowledge of any reference volume
of m.e. The incremental specific work dW (per unit of mass) is used to define the specific stress T (72)
work-conjugate o the selected strain measure E (n)®,

AW =1-Ddt =1"-D"dt = T(n) - dE(n) = T(n) - E(n)dt. (25)

T
The stress tensor t° = @(R) 7 is induced from 7 by the polar rotation R. Therefore, its representation
Tx7, on the Lagrangean triad N is the same as the representation of t on the Eulerian triad ny,

3
T = Z TNy @ N, = Z Ty QM. (26)
LEK=1 LE=1
The general connection between T(n) and t* is found by substituting (9) into (25). Since the
resulting equality must hold for arbitrary D* we have

2 Sorne authors (see, e.g., [15]) employ the terminology “pull-back” and “push-forward” to the operations

{O(F )or OF )} and their inverses, respectively. The time derivatives 0 /3t and J,. /¢ are frequently called “Lie
derivatives”.

3 Hill employs the usual density-type work-conjugate ¢*T per unit of reference volume [1].
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Tn) = €M, ¢ = EMT (). 27)

Hence, to get more specific relations it is sufficient to replace E(n) with %, and D* with T(n), in all
relevant equations of Sect. 3.1a. In particular, the counterparts of (10) provide the familiar
definitions of the specific second Piola—Kirchhoff stress (n = 1), Almansi stress (12 = —1) and Biot
stress (n = 1/2),

T(+1) = O(U)t* = 1= OF)T(1) = O(F)T(~1), (28.1)
9T (+1/2) = P(U)7" = P(U)T(+1). (28.2)

The index-free form of the inverse T'(+1/2) — t* can be found in a similar manner as the inverse of
(10.2). The counterpart of (23.1) is the following approximation of 7(0) by z* [1]:

T(0) = + o([Ed(O)]Z)rg () = dev 7). (29)

More careful analysis of the relation (27) [cf. also (8)] shows that the principal directions of 7% and ©
are N, and n,, respectively, provided that the principal directions of 7T(7) coincide with the
Lagrangean triad (7, = OforK # L).

This property holds perpetually during deformations of an isotropic solid. Thus, for isotropic
solids the tensor t° may be regarded as the stress conjugate to the logarithmic strain measure.
A more detailed mathematical analysis of the work-conjugacy with E(0) can be found in [16]-[18].

(i1) The material derivative T(n) is the direct flux of the conjugate T'(72). Its connection with t*
depends on strain-rate and is not simple. The time differentiation of the relation such as (27) shows
that T(n) is a linear function of ¢* and E(7) which depends also on the current strain state. The
general explicit index free form of this relation is also not available. The algorithm of the derivation
of the component-wise connection on the principal triad can be found in [1]. Here we shall single out
two known basic relations for 77 = 1 and 7 = —1. Denote by DWO'/’DI the following family
(parameter 72) of Eulerian stress fluxes? (cf. end of Sect. 3.1.c)

Dg

i = 6+00—0s—26 —nP(6)D =9 [t+ 10 — vt —nP(t)D]. (30.1,2)

=4

The familiar connections between the rates T(:I:l) (specific second Piola—Kirchhoff 7T'(1) and
Almansi T(—1) stress tensors) and stress-flux D*1) 6/Dt can be found by substituting K = t into
(24) or by calculation the time derivative of (28.1)

. &t 1DYe T . S, 1D g
@(F)T(1):W:;W, @(F)T(—l):ézé T (31)

c. Special cases of confined deformations

(i) The simple explicit index-free form of the basic connections E(n) < D, T(n) < t*,
& T(n) can be found for special classes of restrictive strains. Consider first the situation when
strain distortion represented by the deviatoric part E*(0) of the logarithmic strain measure is small.
In practice most of elastic—plastic materials (metal-like, rock-like and soil-like) do not sustain large
elastic distortions, therefore this case is of special interest when E(n) is identified with the elastic
strain measure in conjunction with the multiplicative decomposition of F (cf. Sect. 4.4.a).

4 Using the local mass balance expressed in the form —¢ /o = ttD one can replace —9/¢ occurring in (30) with trD.
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Adopting the common reference configuration, from Eq. (4) one deduces the following relation
between Ey(n) and E,(0):

1+ 2nE,(n) = exp2nE,(0)] = J*"/? exp2n E*(0)], InJ = t[E(0)]. (32)

The expansion of (32) with respect to small E’Z(O) under fixed J/ leads to the following relation
between E(n) and E(0):

B U2n -1

E(n) o

= B, (n) +J*" "B (0)[1 +nE" (0)] + O (1B (0)]"). (33)

The second term on the right-hand side of this equation represents the approximation of J2/°E,(n)
defined in (5). Calculating the time derivative of (33) and using the observation that
E(0)=D"+ O([Ed(O)]Z)DZ [cf. (23.1)] we find the approximate E(n) < D* connections

szn/SE'(TL) -y ,% -‘rnP[Ed(O)}DR + (’)([E’d(())]z) D*,

. : (34)
J2 D = B (n) — nPIE*(0)| B(n) + O(IE"(0)) D",
and the work conjugacy implies the same connections between t* and T(n),
J 23" = T(n) + nP[E*(0)]T (n) + O([E*(0)])T (n), (35.1)
JPBT(n) = —nP[E(0)]" + O([E*(0)])7". (35.2)
Now let us calculate the time derivative of (35.1) and neglect the terms of the order [Ed(O)]z,
JHBI 4+ nPEY(0)}T (n) = t* — nP(<")D* + O[E*(0)]<"D". (36)

T
To eliminate @" (occurring in the expression t* = R[t 4 10" — ©"1|R) note that U = J'/3[E%(0)+
1)+ (’)([Ed (O)]Z) (substitute 72 = 1/2 into (33)). If this last approximation is inserted into (12) then
the result is

AoU + UAo = J'P[E(0)DY, — DLE(0)] + O([EY(0)]*)D%. (37)
T T

Spins RoR and Rw® R thus differ by first-order terms in E%(0). Taking into account this observation

we find the following useful version of relation (36) that holds with an error of first-order in E“¢ (0):

. 1 1 pPhg
J?BT(n) = - O(R) ——
(n) 0 (R) D

(38)
where the one-parameter family of stress-fluxes D(”)a/ Dt is defined in (30).

(ii) We shall now consider the more restrictive situation encountered when the familiar first-order
updated Lagrangean technique is applied. Let the actual configuration of m.e. at a time ¢ be adopted
as common reference configuration. Assume that the gradient of displacement G = F' — 1 describing
the shape and orientation of a m.e. at time ¢ + df is a small quantity. In such case

E(n)=0(9), R=1+0(9), J=1+0(G9), ¢ =0o+0(9), (39)
and from Egs. (34), (35) and (38) we find that

dE(n) = Ddt + O(G), (40)
T(n) =<+ 0O(G), dT(n)= ép,g;" dt + O(G). (41.1,2)

Thus, all strain measures vanish, all strain rates coincide with D, all work-conjugate stresses
0T (n) match with the Cauchy’s stress o, and the family of direct fluxes ¢T'(n) reduces to the family
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(30) of stress fluxes with an error of the first-order in G. The equation of the type (41.2) provides the
physical interpretation of the Eulerian stress flux De /Dt in terms of an infinitesimal variation of
Lagrangean work-conjugate 7T'(rn). In first-order updated Lagrangean mechanics the first term
occurring in the expansion (41.2) is substituted for the increment of 7'(72). Similar interpretations
concern those Eulerian quantities (of the rate type) which occur in the expansion of the increments of
some Lagrangean measures.

d. Generalized coordinates and generalized forces

In general, the knowledge of at most six variables, say qi (7 =1, 2,..., 6), is required to describe an
actual shape of homogeneously deformed m.e.. The array ¢° may be regarded as “generalized
coordinates” in the abstract space of parallelepipeds.

The generalized specific p; (¢ = 1, 2,..., 6) forces are defined by the incremental total work per
unit of mass,

6
dw => " pidq’, (42)
i=1
where dq’ denotes the incremental variation of the generalized coordinates. Here and in the sequel
we apply usual summation convention concerning the repeated indexes. When the notion of
Lagrangean strain is employed with Ex; -components (on some fixed in a laboratory rectangular
basis) the generalized coordinates can be identified, for example, according to the following rule:
@ =FE1, @ =FEo ¢ =Es3, ¢* =2 Eos, ¢° =2 E13, ¢° =2 Ej5. Then the corresponding
elements of the array p, are

p1=Tun), p2="Tom), ps="Tn), ps="Tsn), ps=Tizs(n), psc=Ta(n).

The use of variables (qi, p;) is convenient in the discussion of most important aspects of the
invariance and they will be frequently applied in the further part of this paper.

3.2 Free energy and incremental state equations

Similarly as in Sect. (2) of [4], the state of an elastic—plastic m.e. at fixed temperature is assumed to be
described by current values of q" (or p;, i =1, 2,..., 6) and by the current pattern of internal
rearrangement (PIR) symbolically denoted by H. Details concerning the physical character of H can
be found in the original papers of Rice [19]-[21], Hill and Rice [22], as well as in the numerous more
recent papers and books (c.f., e.g., [23]-[25, Chap. 8]) where further relevant references can be found.

We shall single out the following independent differentials of the symbolic functions A(q’, H) and
A(pi,H)

SA(q" H) = A(g" + 6¢"H) — A(q", H),
0A(pi, H) = Ap; + opi, H) — A(pi, H),

(43)

(44)

The differential dP A is interpreted as the isothermal “plastic part” of the total incremental change in
A. For example, in the case of rate-independent plastic materials the parameters H may change only
along those path segments of a process that lie on the yield surface. In general, d”-variations of any
quantity can be effected only by strain or stress plastic cyclic process that is associated with an
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infinitesimal change in H. ¢-Differential represents the infinitesimal change in A in the course of an
elastic process.
When the elastic response is always of Green type then there exists the free energy function ¢

¢ =g’ H) (45)
such that
_ 99

= (46)

Equation (46) defines the transformation from (q/[/, H)-space to the (p;, H)-space.
Provided that the unique solution ¢’ = Z}i (H) of six algebraic equations Gqﬁ/@q”: = 0 exists,
without loss of generality the function ¢ may be rearranged into the form®

A= §— gy = dula' H) + G,(H) AP|, . = dlD), (47)

where ¢’ is a possible measure of permanent changes of an m.e. shape, ¢y = const is the free energy
in the thermodynamic reference state, ¢, (¢*, H) is the specific elastic strain energy, and ¢4(H) is the
free energy stored in the m.e. in the course of prior plastic straining. By definition of ¢, we have

- 0¢,(¢",H) p

; S =0, p(d*,H) =0. (48.1,3)

q~ :Zlk

The total complementary energy —,.(p;, H) and the elastic complementary energy —y/.(p;, H) are
defined by the Legendre transformation

*
7

l//T(pj7H) = (¢F _piqi) We(pij) = l//T(pj7H) +pid (H) (49'172)

such that Y =, + ¢, + ¢ is the usual Gibb’s potential. The inverse of (48.1) is

; oY, Oy | *; oY,
A _ — e 2 H
op; op; +aH), op;

a'=q'(p;,{)’

=y,=0 forp;=0. (50.1,2)

In the classical isothermal theory of plasticity it is presumed that in g’-space (or in its dual p;-
space) there exists an elastic domain bounded by a yield surface. The elastic—plastic response of a
material to incremental deformation is usually written in the form

1 . 1 . )
dp; = El@-dgf +d"’p; = Elzj(dq] —d’q) (51)
or in alternative form
dq = o*mYdp; + dPq, (52)
where
1 )
ElideQI = —dppi. (53)

Here l; = l; and m¥ = m/" are generalized coefficients of isothermal elastic stiffness and
compliances ("l = ;). When (46) holds they are defined by

5 The macroscopic internal variables representing PIR need not to be the same in ¢ and ¢,. The relevant examples can
be found, e.g., in [24].
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L _ % ¢ oy 0 Ty, P

—y=—? 2% _9_ - _ _
o " ogog  ogiog ° op;  Opidp;  OpiOp

(54)

The plastic parts d”p,; and d” qi occurring in Egs. (51) and (52) are the components of the additive
decomposition of dp; and dq’, respectively. They are usually specified by the plastic flow rule (not
necessary rate independent) and become non-zero when an appropriate condition for the plastic
loading process is satisfied, otherwise d”q; = 0 and the response is purely elastic,

op; = Elijéqja oq = o"m"op;. (55)

The relation (52) is sometimes regarded as the “kinetic” equation that defines operationally d?q’ in
an infinitesimal loading—unloading stress cycle. However, the transformation rule for d’q’ presented
in the next Section proves that such a concept is not coordinate-invariant.

By calculating the p-differential of Egs. (46) and (50) one may furnish the following energy-
interpretation of d”’p, and d”q":

o(a? ; o(dPy, * . oldP - H
dPp; = (glq;b)’ drq = — (Céplfl):dqz(m‘%-

(56.1,2)

Note that the incremental relations (51) can formally be derived by a calculation of the (q, H)-total
differential of (46). Likewise the relation (52) is the (p, H) total differential of (50.1), whereas the
p-differential of (49) results in the basic identities

'y =d’¢ = dPp, = A,y = [P _pidqqpm:py(qﬂb’)' (57)

Note also that the identity (53) can be obtained by calculation of the partial derivative of (57.1) with
respect to g

The plastic increment of the free energy ¢, when taken with the negative sign, —d”¢, represents
an incremental variation of the energy dissipation dD [3], [19]

dD = ~dP$ = —dP ¢, — de,(H) 20 & dD = —d") = —dP, — de,(H) 2 0 (58)

provided that p; is regarded as an equilibrium force. The semi-positive definiteness of dD is implied
by the second law of classical thermodynamics.

Denote by 7 the thermodynamic force energy conjugate to H, d\y = d’¢ = —ndH, and suppose
that dH/dt admits the energy dissipation potential D"(n, H), dH/dt = dD"/dn. Then d”q" and d’p;
posses also the potentials

dH aD*(m,H) . oD oD

DT qrgt = Pt dPp; = — —2dt 59
i o P9 T, M YPiT T (59)
where

D,(pi,H) = D*[n(p;,H),H], D,(q',H)=D"[n(q",H),H]

on account of (56). This is one of the crucial issues of H-R theory of inelasticity. The potential
D*(n, H) and related constitutive equations (59.1) for dH were employed by numerous authors (cf.,
e.g., [15], [26]).
In what follows we shall also use the notation
o(dry,) i 0(d"y,)
; op;

aw), = pi(@*, H)d"q' = —p; ———" = p;dd" — ———p; 60
(@w), =pi(q",H)d"q pi—g, =P o L (60)
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to denote the “plastic” increment of the total work resulting from the additive decomposition of the
infinitesimal displacement dqi into plastic dpqi and elastic dqi — dpqi parts. The increment (dW¥),,
should carefully be distinguished from the invariant infinitesimal work dW?” of plastic deformation
which will be defined in Sect. 3.4.

3.3 Basic transformation rules under a change of generalized coordinates

(i) Consider the situation when two observers take two different strain measures, say f; and f, and
two different reference configurations «j and x” to define the selected strain. If the constant tensor A
transforms k" into « then the deformation tensor transforms according to F = F,A. From the polar

T -1
decomposition of both F and F one gets U5 = (AU?A) and according to the definition (4) we

have
_T —1 1/2
(A U2A> . (61)

Thus, there must exist the geometrical relation between E; and E [regard U in (61) as tensorial
parameter]

E| =Y(E A). (62)

E=fU), E,=f(U)=f

When A = 1 (common reference configuration) the component-wise relation on the principal triad
between two different strain measures E(72;) and E(n) is [cf. (4)]

[1+2m1Ex ()" = [1 + 2nEg (n)]*™. (63)

The index-free form (33) of approximate relation is the another example of the connection (62).
More generally, the analogue of (62) written in terms of generalized coordinates

T =q"), a =4 (64)
may be interpreted as transformation of generalized coordinates in the abstract space of
parallelepipeds. The generalized coordinates denoted by g% (x =1, 2,...,6) are regarded as
“new” coordinates. The array qi (2 = 1,2,..., 6) thus is treated as “old” generalized coordinates. We
adopt here the early convention that the symbols furnished with the Latin and the Greek indexes
represent different arrays of numbers.

The infinitesimal displacements 0q" and dq’ are the prototypes of the contravariant vectors in the

abstract space of shapes of m.e.. Their transformation rules are the same and follow directly from
(64) (i, J, o, p =1, 2,....6)

0q* = Q¥q", dq* = Qg = 6¢ = QLoq*, dq =Q.dg” (65.1-3)
where
. og* . aqj . 5 o .

During any infinitesimal strain cycle the net increment of a strain vanishes, no matter whether
the process is associated with dH = 0 or not. The transformation rules (65) are such that
dg"=0=dg*=0, and d¢° = 0 = 3¢® = 0. Hence, one concludes that the notion of an
infinitesimal strain cycle is the invariant concept.

The incremental work (42) is the prototype of the invariant under the change of generalized
coordinates. Hence,
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pidq’ = p,dq” = p, = Q)p; (67.1,2)

i.e., p; is an example of the covariant “vector”. Since p; = 0 implies p, = 0 we conclude that the
notion of a stress cycle that starts and terminates at stress-free state is the invariant concept. As
remarked in Part I [4] we additionally take for granted that the incremental energy dissipation (58) is
also invariant,

~d >0 dPB(a* H) = B’ H)| i 20 (68)

i=qi(q*) =
Differentiation of (68) with respect to g* shows that the transformation rules of p,; and d”p; are the
same,

d’p, = QLd’p;. (69)

The above relation proves also the invariance of a plastic flow rule, provided it is specified for d”p;,.
This rule in combination with Egs. (51)—(55) and (65) yields the following bilinear differential
invariants:

8q'dPp; = —op;dPq’ = 8q'dp; — Spidq’, dq'dPp; = (dPp; — dp;)dPq’. (70)

The invariance property of the differential forms (70) was proved by Hill [1] in a more general
situation when the potential ¢ does not exist.

(i1) The transformation rules for the increment of p; (the counterpart of a stress rate in physical
space) and for the tangent elastic moduli are more involved. Differentiation of (67.2) leads to the
following formulas:

5. = Q[0p; — Q)ppda’] = QL[op; — Thprdd'],

. . . . (71)
dp, = Qldp; — Qlpydq’) = QLldp; — Thprdq'],
where
I @2qﬂ k kB
SR Al (72)

As remarked in Part I [4], in general Qf; # 0 and dp; = 0 does not imply dp, = 0. Therefore the
closed infinitesimal cycle in p; does not necessary close the infinitesimal cycle in p,, until it starts and
ends at stress-free state. Thus, the notion of infinitesimal cycle in work-conjugate generalized forces
(or stresses) is not an invariant concept. Hence, the partitioning (52) of incremental strain into
elastic and plastic parts is also not an invariant concept [27]. The complex transformation rule for
dPq’ is presented in the formula (77).

Now we substitute op, = l“,géq/’ /0% and dp; = 1;6¢" /¢* into (71.1) and arrive at the following
transformation rule for the tangent elastic moduli [1]:
L la[f = Q; (élij - rifjpk)Q][ﬁ

R
071 0

1 1 o B B
Fi=g Q1.Q! + Qlpg, (73.1,2)

where ¢} and ¢" are mass densities of the m.e. in “new” and “old” reference configurations. From
(73) it follows that the symmetry of elastic moduli is preserved under the transformation (64) [1].
However, neither the elastic linearity nor the positive definiteness of the moduli are the invariant
constitutive properties.

(iii) Consider rate-independent behavior and denote by l;-*p the tangent moduli measured during
active elastic—plastic yielding [cf. (51)],
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dp; = %l%’pdd & dPp; = — olr (L —15;7)de’ . (74.1,2)
The transformation rule for lfj_p is the same as for [;; [cf. (73)] on account of (71). The condition
det{lfj_p } = 0 distinguishes the special states where infinitesimal strains can be generated under
stationary work-conjugate stresses. Such states and admissible differential deformations are called
by Hill [27] “eigenstates” and “eigenmodes”, respectively. Suppose that det{l‘;[;p }=0 for a
particular choice of work-conjugate couple (p,, ¢%). From the transformation rule for {ligp }=0
[an analogy of (73)] it follows that so determined eigenstates will manifest themselves at states
where

det{l5; " — ¢'Thpi} =0 (75)

for an other choice, say (p;, Q% of work-conjugate couple. A one-dimensional illustration of (75) is
given in Part I [4].

Return to (74.2) and note that due to (69) and (65.2) the notion of “relative tangent moduli”
lij — l%fp is an invariant concept [27] since

1 e— 1 7 e—; ]
a (lzxﬁ - laﬁp) = EQa(lU - lU p)Qi} (76)

(iv) The transformation rule for the plastic part of the increment of qi can be deduced from (53)
written for old and new measures. Using (69) and (73) one can eventually find

PN . ,
g =" Qplymd’q’ = Qid"q" + dm QyTyprd’q’. (77)

To find the inverse it is sufficient to change in this formula Latin indexes into the Greek one and vice
versa, and to interchange ¢} with o".

The formula (77) is identical with Hill’s [27] transformation rule for the outward normal to the
yield surface in p;-space. As remarked in Part I [4], the fact that the transformation rules for dqj' and
dPq" are different justifies the Rice statement [19] that physical dimension change of the m.e.
corresponding to the plastic strain increment is dependent on the choice of the strain measure
and reference configuration. Let (dW), and (dW);) be the works expended on d”’q’ and d”q*,
respectively,

We substitute (77) into (78) and note that the so defined incremental work is not invariant, (dW)]l7 #
(AW)p,
(dW); = (dW), + ¢"T},Q)m/ piprd’q*. (79)

mj

Therefore, in general, (AW),, cannot be regarded as rigorous measure of that increment of external
work which must be irreversibly done to cause permanent changes in physical dimensions of m.e.
Both formulas (77) and (79) are independent of the physical nature of the plastic flow. The ratio
(dW)ll)/(dW)p differs from unity only by a small factor which is of the order of generalized stress
divided by the typical value of elastic moduli. It can also be shown that although
Py, +dP ¢, = dP¢ is the example of the invariant quantity, neither the total complementary
energy V, itself nor its elastic counterpart i, [cf. (49)] are invariants under change of the generalized
coordinates ¢'. Finally note that if in the physical space one adopts the common reference
configuration then ¢* and ¢* have common origin ¢* = ¢’ = 0, and moreover Qflyizo = 07.
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3.4 Invariant incremental plastic work

Let us consider a strain-cycle consisting of the following three stages (Fig. 1):
(a) the elastic unloading from a state A(q’, H) to a stress free state A*[c*ﬂ(H ), H]

(b) in elastic—plastic loading—unloading stress cycle from the stress-free state A™ through B and C
to the other stress-free state C*[q’(H + dH), H + dH]

(c) elastic loading from the state C" to the state A;(¢°, H + dH).

Since p;dq’ = d¢o — dP¢p, along B — C, p:0q" = 0¢. along other segments (elastic
behavior) of the considered deformation path, and q,')e(C*) = ¢e(A*) = 0, the net work done in
a transitional stress cycle A" — B — C — C" is

C

¢ wad - [@g. (80)

pi=0 B

and the difference between this work and the work expended in the whole considered strain cycle

becomes
f pidq’ — ]{pidqi =—d"¢,(q' . H). (81)
pi=0 q

It holds for all states (¢°, H) in the elastic domain and on its border (yield surface). A one-
dimensional graphical illustration of (81) is presented in Part I [4]. The generalized coordinates
c}i(H ) and 57"([{ + dH) shown in Fig. 1 correspond to the permanent strains in stress-free states
(p; =0, H) and (p; = 0,H + dH), respectively. The work-interpretation (80) constitutes the
basis for the definition of the invariant incremental plastic work dW? per unit of mass [cf. also

N1,
AW?P = ~dP,(q' H) = —d"Y, = pidq’ — d,. (82)

The definition (82) concerns all those rate-dependent and rate-independent model materials that
behave elastically in a vicinity of stress-free states, and for which it is possible to construct a strain

______________________ ,C
yield surface H* /54

A (aiH+dH)

—_—

A@H) .2
elastic domain
qi
A pi=0, q*i (H+dH) Fig. 1. Work-interpretation of basic

pi=0, ¢'(H) invariants
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energy function ¢, including materials displaying a degradation of elastic properties. The invariant
plastic work dW? plays a role of the potential for d’p;,
o(dwr)

on account of (56.1). In the course of plastic yielding we have
aw =de, —dl ¢, = dW —dW? =dw*, dWwW°=dd,. (84)

The total incremental work dW is additively partitioned into the invariant incremental elastic work
dW?® = d¢, and the invariant incremental plastic work dW”. As remarked in Sect. 3.2 [cf. (58)] in
classical thermodynamics of elastic—plastic materials, the incremental energy dissipation dD is equal
to —d?¢, provided that the total strain is regarded as the state parameter. The d”-differential of (47)
in combination with (82) shows that the difference between dD and the invariant incremental plastic
work dW? is the total differential of the stored free energy,

de¢y(H) = dWP —dD. (85)

Under the common assumption that the configurational entropy is negligible, the stored free energy
represents (in the course of isothermal processes) the difference between the invariant plastic work
and the heat exchanged with the surrounding. The energy ¢, is thus a measurable quantity. The
experimental results such as reported, e.g., in [28], [29] should be accounted for when proposing the
specific form of ¢;.

In passing we note that [cf. (81)]

0 7{ pidg =0 = 5?{pid/qi =0(dPo) = 3q'dPp; (86)

pi=0 q

because the first integral is a function of H alone. This is the work-interpretation of bilinear
differential invariants (70) deduced by Hill [2] with use of the other physical arguments. It does not
provide, of course, the basis for the definition of invariant incremental plastic work.

3.5 Examples of transformation rules in tensor notation

(1) In the total Lagrangean description (fixed reference configuration) the complementarities of the
incremental constitutive relations (51) and (53) derived from the free energy ¢[E(n), H] are

AT(n) = L L (n)dB(n) + dPT(n) = %L"'R (n)[dE(n) — d°E(n)),

) (87)

APE(n) = —o"M* (n)d"T(n), M*(n) :EKR (n),

where L/* () is the tensor of Lagrangean tangent moduli of elasticity, defined in the reference
configuration x*.

To find the symbolic form of transformation rules under a change of strain measure, for the
quantities occurring in (87), first write Eq. (9) for two different exponents, say 72; (new measure) and
7 (old measure) and eliminate D" from the obtained equations. The results may be presented in
symbolic form as

"y oF (??,1)

E(n) = Q(n1,n)E(n), Q(n,n) = EM) £ = W) (88)

The fourth-order tensor Q(71,1) [the counterpart of Q7— cf. (65)] has the following properties:
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T -1

Q(n1,n) =Qn1,n), Q(n,n) =Qn,n), Rn,mn)=1I, (89.1-3)
Q(n1,12)Q (12, m3) = Q(11,M3), (89.4)

where (89.2) may be regarded as a “chain rule”. The components of Q on the principal triad Nx may
be obtained by elimination of Dg;, between two equations of the type (8) written for 72 and 72;. The
simple index-free form is available only for special situations, e.g., @(1,1/2) =0.5P(U),
Q(—n,n) =0(U 72”) provided that 27 (2 # 0) is an integer (cf. [7, Chap. 3]). The operators P
and O are defined in (1), (2). Next calculate the derivative of (88.2) to determine the sixth-order
pairwise symmetric tensor Q(71,%)) [the counterpart of Q7; — cf. (72)]
_ 62EIJ (nl) Qi (nl s TL)

Qo (1,7) = g (0]~ OBae() (90)
Q(nlvn) = Q(”lv”)“ . ,E(?’L)H

and define the sixth-order tensor I'(72;,72) [the counterpart of l"g- —cf. (72)]
T siro (7@1 ) ’ﬂ) = Qv (nl ) n) Quwvra (na 7/Ll) (91)

which has pairwise symmetry with respect to the first two pairs only. The components of Q(72/2,1/2)
on the principal triad N can be found in [7, Chap. 3]. The symbolic forms of transformation rules in
the physical space are [counterparts of (67.2), (69), (71), (73.2), (77)]

T(n) =@Qn,n)T(n), d’T(n) = Q(n,n1)d’T(n),

Q(n,m1)dT(n) = dT(n) — Qny,n)[|dE(n), T(n)|] <

Q(n1,m)dT(n) = dT(n1) — L'(ny,n)[|dE(n), T(n)|], (92)
(1/") L% (n) = (1/0") @(n1, 1) L'* (11)Q(n1,1) + Q(n1,n)[|T(n), .|,

d’E(ny) = Q(n,n1)dPE(n) + o M™% (n,) @(n,n1) ' (n1,n)[|d’E(n), T(n)|].

(ii) If the current configuration is chosen to be the common reference configuration then the first-
order incremental relations may be written in terms of their rate counterparts

D;’”’ta =L(n)D+ Dpp; = L(n) D - D"(n)], )
DY) = —M(0) B M) = £(0)

on account of (41.2). Here £(n) are first-order instantaneous tangent moduli of elasticity. The first-
order plastic increment of the specific conjugate stress is formally written in the form
(dt/o)Dpe/Dt. The transformation rules under a change of strain measure in this case are
relatively simple since all strain increments coincide with Ddt, and all specific conjugate stresses
match with 7. Hence, all plastic increments of conjugate stresses D,6/Dt also coincide (are
independent of 1), i.e., @Q(n,n1) = I (QF = 7). The transformation rule for stress increments (stress
rates) follows directly from (30.1) and (41.2),

1D"s 1D"g

o DI ¢ DI

— (n1 —n)P(z) D, (94)

which implies @ (n1,7)[| ., z|] = T'(n1,n)]|.,|] = (r1 — n)P(r). The counterparts of (73), (77) and
(79) are
L(ny) =L(Mm) — (n1 —n)P(s), D’(n1) ={I + (n1 —n)M(n1)P(e)} D’ (n)

1 (95)
(dw), — (dw), = (n1 —n) ©- M(n1)P(e) D"(n),

where P is defined in (1). Thus, even within this approximation (dW), is not invariant.
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(iii) When the strain measure is fixed and the reference configuration x* is changed into x| by
mapping A [set f = f; in (61)], the simple index-free form of transformation rules for unrestricted
strains is available only for Green (7 = 1) or Almansi (72 = —1) strain measures. In this case the
function W occurring in (62) is linear. The transformation quantities Qiﬁ, FZ [cf. (71)—(72)] and their
counterparts in the physical space vanish.

The familiar rules for Green strain measure are

Ei(1)=©(A)E(1) +05(AA —1),

dE(1) = ©(A)dE(1), Ti(1) = OA)T(1),

dTi(1) = ©(A)dT(1), QiRL;fHu) - %@(A)L@f(l) o),
1

-T
d’T,(1) = ©®(A)d’T(1), dE,(1)=0O(A)d’E(l),
where the subscript “1” denotes tensorial quantities defined in the reference configuration 7.
If the current configuration x(?) is identified with «} then the substitution ¢f = ¢ and A = F(¢)
into (96) links the instantaneous quantities occurring in (93) with the one defined in the arbitrary
fixed Lagrangean configuration k* for 2 = 1 (Green strain measure)

-T

Ei(1)=0, Ddt=®O(F)dE(l),t=@F)T(1),

1DWg 1 1 o r
. i dt:@(F)dT(l),EL(l):E(D(F)L (1) O(F), (97)
1Dp6 -T

2 DI dt=0O(F)d’T(1), D°(1)dt = O(F ) d’E(1).
The same connections may also be obtained by application of the “push-forward” technique based
on (24).

The updated Lagrangean tangent moduli £(1) associated with the Green measure are related to
L% (1), defined in a fixed reference configuration x*, in the linear fashion. It is also worthwhile to
note that in this case (dW);) =t-D(l)dt = (dW), =T(1) - d’E(1). However, in general
neither product represents the invariant (true) plastic work even in the case of materials with the
elastic properties insensitive to prior plastic straining.

The similar simple transformation rules valid for unrestricted strains can also be found for the
Almansi strain measure (1 = —1).

4 Eckart-Mandel theoretical framework

4.1 Elementary connections between H-R and E-M approaches in terms of generalized
coordinates

(i) Within this familiar framework (cf., e.g., [30], [31]) one employs the conceptual instantaneous
unloaded configuration, say K*(t), such which m.e. would have attained had the surface tractions
been instantaneously reduced to zero (at the instant ¢) keeping all internal variables H constant. This
operational definition does not impose any restriction on the orientation of the unloaded m.e. in the
space (the laboratory), hence the unloaded configuration is defined with the accuracy to the rigid
body rotation. The concept is associated with the multiplicative decomposition of the deformation
tensor F = F°F”. The total deformation tensor F maps some fixed reference configuration r, of m.e.
into the actual one x(¢) (mass density ¢(¢)), the “permanent deformation” F¥ maps k; into K" (t)
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(mass density ¢*(t)), whereas F° maps «(f) into x(t). Both F° and F” are defined within the
accuracy to a rigid body rotation, say R (RR" =1), i.e., both F’F’ and (F°R),(R'F?) are
admissible multiplicative decompositions of F. The aspects of the solid mechanics discussed in the
further part of this paper are valid for any choice of R, therefore R will not be specified here. In
passing we recall that the strain counterpart E«(72) of the generalized measure of permanent changes
in m.e. shape (}f (Sect. 3.2) can be identified with any member of the permanent strain family

onE.(n) = (UP)*" —1, FP =R'U” (98)

which is independent of R. The basic inconvenience in a direct application of E«(72) and E «(n) is
that their experimental determination requires the knowledge of m.e. dimensions in a certain past
reference configuration.

The description of the actual shape and orientation of an m.e. in x(f) within the E-M theoretical
framework is made relative to a moveable reference configuration k"(t). Therefore, the associated
description of m.e. properties may be referred to as “mobile Lagrangean description”. The motion of
k(1) is governed by the plastic flow rule, and F” depends on structural changes associated plastic
deformation, i.e., F¥ = FP(H). In particular det(F”) = J”(H) and the mass density ¢* in « ({) may
also be influenced by prior plastic straining, *(t) = ¢°[H(¢)]. The state of m.e. in x"(¢) is called “the
instantaneous natural state” [3].

The familiar kinematic quantities implied by the multiplicative decomposition of F are: the total
L, elastic L° and permanent L" deformation-rate tensors

. -1 Lol .-l ~1
L=FF, L°=F°'F°, L*=F'F’, L’ =F°LF° (99.1—4)

The Eulerian permanent deformation-rate tensor L” is the component of the additive decomposition of
L,ie.,L = L° + L”. The fundamental role plays the known Eulerian elastic strain rate D°, Eulerian
measure of the permanent strain-rate D' and Eulerian measure o? of the rotation of r(¢) defined by

T T T
oD° =L° +L°, 2D’ =L +L°, D=D°+D", 2o’ =L"—-L". (100.1—4)

Similarly as L, the elastic deformation-rate tensor L is independent of a reference configuration in
the sense that L° does not change when F° A is substituted for F° (A = const, detA # 0). In
particular, on purely kinematical grounds we have L° =L in all those time periods when
F’ =0 (L* = L” = 0). 1t is also worthwhile to emphasize that trtL” = D" = ttL* = J¥ /J? is the
proper measure of the rate of permanent dilatational changes of m.e. in the stress-free state. The
increment D” dt should be carefully distinguished from the plastic part of any total strain increment
defined within the H-R formalism (Sect. 3.2). In particular, the increment D" (%) d¢ defined in the
vicinity of the current configuration [cf. (93)] is in general not equal to D”dt. The exploration of the
relation between D” (%) and L? is therefore meaningful (see Sect. 4.4).

(ii) To find the formal connection between the total Lagrangean description used in Sect. 3 and the
mobile Lagrangean description let us identify F, A and U, occurring in (61) and (62) with F°, F”
and U° (F° = R°U°), respectively. Let us also identify the “new” strain E; with the elastic strain
measure E”(n*) n; = n*) belonging to the family (4). The relation (62) may then be rewritten in the
symbolic form

E‘(n") = Y[E(n), F*(H)| = ¥:[E(n),H], (101)

where W) depends on the parameter 7 and 7" what is not explicitly marked in (101), and we have
Y, [E.(n*),H] = 0 [cf. (98)]. The relation between the elastic strain and total strain depends on the
internal state of m.e. through the dependence of F” on H. More generally, the counterpart of (101)
written in terms of generalized coordinates
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¢ =¢*(d H), ¢ =4 H), ¢ ,H=0, ¢0H) =g (102.1 — 4)

may be regarded as a transformation from fixed to moveable coordinates in the six-dimensional
space. The array g” describes the actual shape of m.e. relative to its shape in the mobile unloaded
configuration . It is therefore the counterpart of the elastic strain.

During elastic infinitesimal processes dH = 0, whence the transformation rules for 6q’ presented in
(65) do not change. However, when dH # O the transformation rule for dqi is different from (65),

dg* = Qldq' +d’q*, dq’ = Qldq* +d"q', (103.1,2)
d'q' +Qld’q* =0, d’q*+Q:d"q' =0, (103.3,4)
where the array @7 and its inverse Qi are defined in (66). The new differential d’* A of a property A

can be applied only when A is expressed in terms of new coordinates g* representing the elastic
strain or in terms of its energy-conjugate p, [cf. (106)]. It has the following meaning:

d"A= Alq*,H +dH) — Alq*,H),

o ) (104)
d"A = A(py, H + dH) — A(p,, H).

The meaning of d”-differentials remains unchanged [cf. (44)]. The identities (103) are implied by the
mapping (102).

(iii) The specific free energy ¢ = ¢o + ¢o(q’, H) + ¢5(H) and the elastic strain energy ¢.(q", H)
(cf. Sect. 3.2) are invariant under the coordinate transformation (102)

¢e(qi7H) = ¢e(qa7H)

(105)

a(q' H)’
This is one of the basic formulae that link H-R and E-M theoretical frameworks. In practice, the
Sunction ¢.(q”, H) is of primary importance. The elastic strain can be measured in the course of

unloading, and its experimental determination does not require knowledge of the physical dimensions
of m.e. in any past reference configuration. The application of 6 — differential to (105) yields

5, = pidq’ = padq’, (106.1)
0
Py = QLpi = % pi = Q1 (106.2,3)

where ¢, = 0¢,/0q” = 0 for ¢* = 0 on account of (48.2, 3) and (102.3, 4). The new force p, is
the energy-conjugate to the elastic-coordinates g”. Note that the dual potential l//é”(px,H )
defined by

vl ) oy

(1) CH) = % Iy — o ©_
Ve (pe, H) = ¢.(0", H) — 00" = q e .

=0 forp, =0 (107.1-3)

has a different physical meaning than i, defined in (49.2) (Sect. 3.2).

Consider a non-elastic infinitesimal process dH # 0 and calculate the d — differential of (105).
The total incremental work dW, the invariant incremental elastic work dW° = d¢,, and the
invariant incremental plastic work dIW” = —dqug(qi,H ) [cf. (82) and (84)] are expressed within
E-M theoretical framework in terms of p,, ¢* as follows:

AW = pidq’ = dW* + dW? = p,dq* + pd"q'(¢*, H), pd"q’ = Qp.d"q’, (108)
awe = p,dq* + d"¢,(q*, H), dWP = p;d"q’ —d"¢, (109)
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on account of (103.2) and (106.2). The expression (85) for the incremental energy dissipation
dD = —d”¢(q’, H) becomes

dD = dW? —d¢,(H) = pid"q" —d" ¢, — ddy(H) > 0. (110)

The relations (109) and (110) are the other examples of basic connections between H-R and E-M
formalisms. It is seen that during plastic yielding (dH # 0) the incremental elastic work dW” is not
equal to p,dqg” unless the elastic properties of a material are not influenced by prior plastic straining.
The incremental form of (106.2) and (107.2) at plastic yielding is

1 .
dp, = Elwdqﬁ +d"pu(q" H) & dg* = gym* dpg + d"q*(py, H),
0 ) (111)
Lgm" =8, d"p,(q*,H) = —Q—*zaﬂd’?'qﬁ<pn,H).
0

Here g is a a certain conventional constant mass density, l,g are elastic tangent moduli defined in an

unloaded state K*(t) and associated with the selected elastic strain measure, and m*?

are
corresponding elastic compliances,
1 e oy
b=, ogm = — . 112
QB off 6q“6qﬂ ’ Qom apaapﬂ ( )
The increment dhq“(pﬂ, H) and its dual d"p,(q", H) defined by

od" ) (py, H od"$.(q", H
dhqot =_ lpe (p"l? )’ dhpa = (rbe(q ) ) (113)
0Py 0q”

represent the deformation and stress effects of the mechanisms (e.g., damaging, compacting, void-
nucleation, pressure sensitivity) responsible for the sensitivity of elastic properties to prior plastic
straining.

When the specific elastic strain energy is independent of H (d" ¢, = d"y) = 0 = dW* = p,dq”,
aw? = pidhqi) these effects are disregarded. Such materials were classified in [4] as “materials with
the elastic properties insensitive to prior plastic straining”. Here we shall distinguish in addition
another class of materials characterized by the following form of ¢,

¢o(q", H) = *1

), (114)

In this situation the density of the elastic strain energy ¢, in the unloaded (natural) state x*(¢) (elastic
strain energy per unit of volume in x") is independent of prior plastic straining. The tangent elastic
moduli s defined as

Q* (H) 7 o 7 oy __ 62 (}(3
0 lup = lap(a”),  Lup(q") = o oqP (115)
are the same in every stress-free state x*(¢), and moreover
do*(H) - do* do*
dh/ _ _ & :>de: 'dhl 7 dh, _ & ) 116
be o () be pid"q +Q*(H) bo, A"y P (116)

Note also that (107.1-3) implies the identity dh!//él)( »H) = d"¢,(q*, H) that holds for every dual
pair (p,, ¢%) connected by (106.2) or (107.2). Therefore, d” ¢, occurring in (109) and (110) may be
replaced by d"y " (v, H).



100 B. Raniecki et al.
4.2 Example of the basic connections in tensor notation

(i) The connection (101) is linear when Green (n = 1, " = 1) or Almansi (n = —1, n" = —1)
strain measure are used to define elastic and total strain. For Green strain measure the relation (101)
g —E(1),q* — E°(1) is
T -T
E1)=0F")E°(1)+E.(1), E°(1)=OF?P)[E(1)—E.(1)] (117)
,
where the special fourth-order tensor function @ is defined in (2). The quantity @(F”) corresponds

. T
to @', occurring in (103) and defined in (66). According to (106.2) the transpose of @ (F”) links the

usual specific Piola—Kirchhoff tensor T'(1) with the specific “elastic” stress tensor T(1) which is
-1

the energy-conjugate to the elastic Green strain measure E°(1) (T(1) = O(F)tr < p;, T°(1) < py)

-1 -1 -T

T T
T°(1) = @(F?)T(1) = O(F")T(1) = O(F)t = F'tF* (118)
on account of the property (3.4) of ©. Since we have E(1) = (D(Ii")D = (')(Iz")D‘2 + ®(I€’)D” and

T T T

T .
O(F)D° = O(F")O(F°)D° = O(F")E’ (1) the counterpart of (103.1) for the considered situation
at the plastic yield point is

E(1) = O(F")E (1) + O(F)D", (119)

e -

E(1) = O(F")E(1) — OF D",

where D? is the Eulerian measure of the permanent strain rate defined by (100.2).
T

The quantities @ (F)D"dt and —G)(FT’Q)Dpdt, associated with the Green measure in the physical
space, correspond to the arrays d’q" and d”q” occurring in (103), respectively. Similar expressions
hold also for the Almansi strain tensor E(—1).

(ii) In view of (119) the invariant incremental works (108)-(109) and the incremental energy
dissipation per unit of mass dD in the course of active elastic—plastic straining are

aw =T(1)-dE(1) = T°(1) - dE°(1) +t-DPdt, T°(1)-dE°(1) =< -D’dt, (120)
aw’ =T°(1) -dE°(1) +d"¢,[E°(1),H] = © - D°dt + d" ¢,[E°(1),H],
AW? =z -DPdt — d"¢,[E°(1),H], (121)

dD =t -DPdt — d"$,|E°(1),H] — dpy(H) >0
since p,dq* = T°(1) - dE°(1) and p;d"q’ = - Ddt. The latter term is sometimes (cf., e.g., [32])
T
presented in the form 7 - D¥ = P* - (L*) where the non-symmetric tensor P~ defined by
-1 -1 T T
P =F°tF° = UT™U°, * =RtR’° = O(R‘)t (122)

is referred to as Mandel stress tensor and L” is defined in (99.3). We do not pursue this concept
because it increases the number of thermodynamical rates occurring in the expression for dD. As
remarked in [23] nine components of P* are not independent.

4.3 Arbitrary elastic strain measure as a state parameter

(i) When applying E-M theoretical framework (cf., e.g., [31], [25, Chap. 11]) the most frequently
one uses the Green elastic strain measure E°(1). With this measure there are associated simple and
exact relations between the elastic strain-rate measures defined in x"(¢) and x(t), as well as between
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corresponding rates of energy-conjugate stresses. However, as shown in Sect. 4.1 the application of
any other measure belonging to the family 2nE°(n) = (U%)*" — 1 is also admissible. In particular,
the application of the logarithmic elastic strain measure E°(0) has a lot of merits [33], [34]. In the
case of materials isotropic with respect to the elastic properties one can establish exact and simple
connections between increments of the logarithmic elastic strains defined in k" (t) and k(t), as well as
between the increments of their energy conjugate stresses. Moreover, when elastic distortion
Eed(O) = devE°(0) is a small quantity the simple transition from ;c*(t) to x(t) of all discussed
properties can be made for any elastic strain measure (cf. Sect. a).

The increments d}"qﬁg and dW” are invariant under the change of elastic strain measure, and in the
course of elastic deformation (H = 0 = L* = 0,D” = 0) the incremental total work is equal to dW*
so that the resulting equality

AWl = dW°e;_y =t -D°dt = . Ddt = T°(1) - dE°(1) = T°(n) - dE°(n) (123)

defines thf; elastic Tstress measure T°(n) energy conjugate to elastic strain E°(n). Here
D* = O(R°)D° = R°D°R". There is full analogy between (25) and (123). All formulas presented
in Sect. 3.1 can be directly applied to find the corresponding relations between elastic quantities. It is
sufficient to replace F by F°(F — F°), Nx — Ny (principal direction of U?), i, — 2. (principal
elastic stretches), U — U°, n, — n¢ (principal directions of V), V — V°, R — RHT, J —J°
= detF’, E(n) — E‘:(n)7 e(n) —e°(n),D - D’ D" - DY o— o =05L"—-L°)=o0—
o”, o — o =R'R°, ©* — 1%, T(n) — T°(n), T(n) — T (n) and ¢* = ¢, in all formulas
of Sect. 3.1. For example the analogue of (30) now becomes

Do 0 Dle

16)t =6+ 060" — e — 26— nP(e)D° = i

— 60’ + 0’6 + nP(e)D?, (124)

where D"¢/Dt is the family (30) of Cauchy’s stress fluxes.
Likewise, such a procedure gives rise to the new notion of “elastic logarithmic spin” @?© [cf. (19)]

e(0) —e ()”2)2 + (/“[P)Z _ 1 D5’
()% = ()" In(z/2) |

L

(125)

where overbarred arrays are now the components of @°(?), w® and D° on the principal triad n of the
elastic stretch tensor. The associated “elastic logarithmic co-rotational rate” D®°%(.)/Dt may be
defined in an analogous manner as (20) (substitute @’ () for (*)) such that D*°8e?(0) /Dt = D°. In
general DY8X /Dt # D'°6X /Dt. However, there exists the special kinematic relation

Delogee (O) _ Dloge(o)

=D =D* 126
Dt Dt (126)

that holds in the course of elastic processes, i.e., provided that Fr=0. Logarithmic co-rotational
rates of the associated logarithmic strains are not dependent on the choice of the fixed reference
configuration since stretching D has this property.

(ii) Let ¢, = [E° (n), H] be the elastic strain energy expressed in terms of arbitrary elastic strain
measure and denote by " [T°(n),H] = ¢, — T°(n) - E°(n) the dual potential. Now the basic state
equations in the unloaded configuration x"(t) are

T°(n) = 0. [E°(n), H] _ O[T (), H]

“— @ - T (127)

on account of (123). The equations defining the incremental elastic, true (invariant) plastic work and
the energy dissipation have forms similar to (121). It suffices to replace in (121) d" ¢.[E*(1), H] with
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d’ ‘po[E°(n), H]. Note that in the case of materials with the elastic properties insensitive to prior
plastic straining (d” ¢, = 0) we have

awr =z-DPdt (d"¢, =0) (128)

where D” is defined in (100.2).
The incremental form of the generalized state relations (127) in K'(t) is

1

aT’(n) = @ L*(n)dE®(n) +d"T°(n), (129)
dE* (n) = gy M’ (n) dT* (n) + d"E* (n),

where

Lo o, oA Yy L
££(n)—m7 QoM(n)—*m (M =L) (130)

are elastic tangent moduli and compliances defined in k" (t) and associated with the selected elastic
strain measure E°(n). The increments

0 h 0 h, (1)
:agﬁ(?; , - aiez/:f)’ th@(n):—QiSc*(n)d”Ee(n) (131)

d"T°(n) d"E°(n) =
describe the stress and deformation effects associated with the sensitivity of elastic properties to prior
plastic straining. Equations (129)—(131) are the counterparts of (111)—(113) in the physical space.

4.4 Rate form of state equations in updated Lagrangean configuration K(t)
a. General case

(1) In field theories of an elastic—plastic continuum one formulates fundamental rate boundary-value
problems either in a fixed or in the updated Lagrangean configuration. To this end one has first to
transfer the incremental relations (129)—(131) from configuration k() to K or to k().

We shall here restrict the attention to the latter situation. The general rate equations in the current
configuration have the form (93), and the question arises what are the relations between the physical
quantities occurring in (129) and (93). They are presented beneath without discussing details of their
derivation. Consider the following unified transformation rule:

é Lin) = é@)(}') L)OF) , Mn) = L (n), (132.1)
0

DP(n) = [ + 1 M(n)P()) D* + D' (n) — M(n) (60 — o’c), (132.2)

D'(n)dt = @)(j-f) d"E°(n) = —o M(n) O(F)d"T¢(n), (132.3)

where d""T%(n) and d"E°(n) are defined in (131). These are exact connections for 72 = 1 provided
_r
F =F°, and for n = —1 when F = F°¢ (“push forward” the physical quantities into x(f) using

O(F°) and G(Fg).) To justify this statement it is sufficient to substitute the elastic counterparts of
(10.1) and (31) (written for F°) together with (124) into (129). For anisotropic solids and other elastic
strain measures the exact index-free relations are not known. However, when elastic distortions are
small, what is the most frequent case in practice, one may use the elastic analogues of (34)—(38)
specified for F° and arrive at Egs. (132) with
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F=(J)’R. (133)

Such equations are valid for arbitrary 7 with an error of first-order in the deviatoric part of the
logarithmic elastic strain. Within the same accuracy we have (cf. Sect. 3.1.c)

o —R'Re = o — o + Ole”(0)]| D5, (134)

where Df, and €“(0) are deviators of D° and Eulerian elastic logarithmic strain €°(0), respectively.
This equation can be used to determine R°. The relations (132) and (133) are valid for both isotropic
and anisotropic materials.

b. Isotropic elastic behavior — logarithmic elastic strain as a state variable

(i) Let us assume that ¢,[E°(n), H] is an isotropic tensor valued function of E°(n) (all H occurring in
¢, are scalars — but not necessary those present in ¢,) and recall some general properties of isotropic
elastic behavior described by the T9(n) < E°(n) tensor connection (127):

(@)
() = SO )2 g () - A 0] 13512

where e (12) = ©(R®) E* (1), ¢, e (n), H] = ¢, [E* (n), H).

(b) All elastic energy conjugate couples {T°(n) < E°(n)} and the tensor t* = ®(I§e)1: are
coaxial with U” (principal directions NV ¢). In particular 7 = T“(0) is the energy conjugate to
elastic logarithmic strain E °(0). The justification of this property is similar to that presented in
Sect. 3.1.b for the total logarithmic strain.

(¢) Likewise, all Eulerian couples {¢°(n), e°(n)}, Kirchhoff stress =, Cauchy’s stress ¢ are coaxial
with the right elastic stretch tensor V° (principal directions n¢). In particular,
T =12(0) = (V°)* (1) = (V°) 2 ee(—1).

d) In general if the connection between two symmetric tensors (Lagrangean or Eulerian), say
T = T(E), is isotropic then TE = ET and such commutation property entails the identity

aT * * * *

Wj\v [EKPQPL - QK PL} =T Q}m’ - QMKTKN (136)
T

that holds for an arbitrary skew-symmetric tensor Q* = —Q". Due to this property one can

apply any co-rotational time derivative to T = T(E) and derive rate relations without
affecting the physical content contained in the equality 7' = (3T /OE)E (the principle of
objectivity concerns relations between physical quantities and not the individual terms
occurring in such relations).

(ii) The kinematical relation between the Zaremba—Jaumann derivative of e°(0) (co-rotational with
) and D’ was derived in [33]. Using (125) it may be written in the following alternative form:

D.e(0)

B =€ (0) + e (0)a —ofe(0) = (I + AE)D’ (137)

where AE is defined as follows.
Denote by AE o and X, the components of A€ and an arbitrary symmetric second-order tensor X,
respectively, on the Eulerian elastic triad n¢. The fourth-order tensor-function A€ is defined by



104 B. Raniecki et al.

0 for J=K (138.1)

Aé/}(‘,nm’ )_(MN = ( /’Li / j,}ex)z + 1

mln(&?/ﬂi)—l Xy for  J#K, (M,K) (138.2)

where / are the principal elastic stretches and (45/4]) = exp{e%*(0) — e?*(0)}(e%*(0) are principal

values of %(0)).
It can be shown that AE has the usual pairwise symmetry property. The most important other
properties are

e If an arbitrary symmetric tensor a is coaxial with V* then
I+A8a=a = I+AE) 'a=a, (Afa=0, (139)
£ AE = AELY

where the moduli £(*) are defined below in (141).

e The Taylor expansion of the function of A7/27 occurring in (138.2)

_ 17/ 2 _
AEJKMN XWN = {g |:()L_é> - 1:| +--- }X/K (140)
K

shows that the leading term is second-order and AE j;,,y is small, e.g., when 5 J6<A%/27 <7]/6 the
term of curl bracket is less than 1/96. Thus, A€ is negligible and can be set to be zero in practice.

Now apply the Zaremba-Jaumann derivative D°(.) /Dt to the relation T = 0¢,/0e(0) [substitute
7 = 0 and t° = 7 into (135.2)], and transform the obtained equality to the form that matches with
(93). The eventual structure of the terms present in (93) for 7 = 0 is (note the difference between
moduli £(0) and £©)) :

_ 0 1,0__ ¢ O _ £0)
£(0) = £O4I + A€}, ; £O = 570} (0) MO = O (141)
DP(0) = D¥ + D' (0) — L(0) (60’ — o),
= D" +D"(0) — (I + A&) ' [e(0)w” — e (0)], (142)
h _ ) gh . __ _a[dhl//((})(T,H)} e a(dhd)e)
D"(0)dt = —oM V"t = — d't = 2 (0) (143)

Here l//é1> = ¢, — t-€°(0) is the elastic complementary energy which should not be confused with
W, present in (48). The same identification can be found by applying the operation D8 /Dt [cf.
(125)] to Eq. (135.2) specified for » = 0, and by subsequent use of the property (136). Note that the
set of Egs. (141)—(143) coincides with the Eqs. (132)-(133) specialized for % = 0 provided that
AE = 0. This situation was discussed in detail in [33] where the hydrodynamical theory of metals
was combined with the usual theory of thermoplasticity.

Remarks

(a) It can be readily verified using (132) that in general dW? = t - DPdt — d" ¢, # - D’ (n)dt,
even if d"¢. = 0.

In the case of materials isotropic with respect to the elastic properties we have
tr{t[e’’(0)a” — wPe®(0)]} = 0, and the spin @” influences neither the product 7 - D?(0) nor
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7 - DP(n) on account of (95.2) and (142). If additionally the elastic properties are not influenced by
prior plastic straining (dh’qﬁe =0,D" n) = 0) then in a vicinity of the current configuration the
plastic increment of the total logarithmic strain D”(0) may be given the invariant plastic work
interpretation, i.e.,

dWP = . DPdt = - D" (0)dt (144)

From the transformation rule (95.2) it then follows that such property cannot be attributed to the
plastic increment D” (n) of any other strain measure (2 # 0).

(b) The situation d"y$” = 0 (D’(0) = 0) is considered in the paper [35] where instead of the
elastic the total logarithmic rate D'°8t/Dt of the Kirchhoff stress t is applied to get the rate form of
the state equations, notwithstanding the fact that such procedure leads to the implicit dependence of
the instantaneous elastic moduli £(0) [cf. (93)] on prior plastic straining [past plastic deformation
can make current principal stretches occurring in (19) to be arbitrarily large/small]. Likewise, the
plastic part of the total stretching defined in [35] is also influenced by the past plastic strain. This
approach is inconsistent with (141)—(143) and with the approach remarked beneath.

(c) In computational mechanics it has become popular (cf. [26, Chap. 9]) to use

T b
b’ = F°F° = (Ve)z =2€°(1) +1 as a state variable, ¢, = p(b°), and to postulate the plastic
flow rule for the strain-rate tensor D’ defined as [cf. (98)]

=55 - %@(F)W = O(F)E.(-1) = O(F) D", (145)

2 ot

.
where 2D* = L* + L* [cf. (99)] is the “permanent stretching” tensor, and the contravariant time
derivative §°(.)/dt is defined in terms of the total deformation-rate tensor L as in (24). For elastically

isotropic materials insensitive to prior plastic straining we have ¢,(b%) = q,’)e[U]l’ CUZ19 J(C = I*ZF)
and this proposal enables to avoid the need to postulate the constitutive equation for the plastic spin
o [cf. (100)]. It is incompatible, however, with the two general theoretical frameworks discussed in
the present paper. The following kinematic connection between D' and D” defined by (100.2) holds:

D' = D" + Ple’(1)|D” + o e°(1) — e°(1) o (146)

showing that the knowledge of D' is insufficient to separate D from w?.
We noted that in the discussed situation [re®(1) = e’(1)t, d"¢, = 0] the tensor D' may be
furnished with the special plastic work interpretation

. - -1
AW =¢-Ddt — §,dt =7-DPdt =t°(1) - D'dt, (1) =0O(Ve)r= b°r. (147)

The similar approach, valid for elastically isotropic solids and based either on multiplicative
decomposition of the metric tensors of the embedded basis or on the additive decompositions of their
rates, was applied earlier (e.g., in [36]-[40]).

c. Relation between nominal rate of stress and deformation rate

In the updated Lagrangean field theory one applies the rate equilibrium in the form [41]-[44]:

O b =0 (148)
awy

where x is the position of a particle in the current configuration of a body (at the same time the
position x identifies the particle of a body), b° is the nominal-rate of the body forces and =° is the
nominal-rate of stress defined by
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7n° = 6 — Lo + ottD. (149)

To formulate the rate boundary value problem for the increment v di¢ (v-velocity field in the current
configuration) one needs the n° < L relation. Under the assumed known current state of the body
such relation can be found by elimination of & between (149) and (30) and by subsequent use of (93),

7°(L) = L(n)[D — D’ ()] + (n — 1) P(c)D + oL. (150)

A more specific structure of the first term one obtains by eliminating D” (72) with the aid of (132.2) or
(142). In order for the set of differential equations to be closed the extra constitutive equations (plastic
flow rules) should be postulated for D”, [ and . The latter spin does not occur in the expression for
the incremental energy dissipation. Therefore, the equation for w” can be specified at will, until the
definite experimental observations concerning the rearrangement of the internal structure (crystal
plasticity [45], evolution of texture [46]) are intended to be included into the theoretical framework.
Mandel [47], [48] has introduced the concept of “isoclinic” unloaded configuration. One of the basic
element of this concept is that D’ = 0 = @ = 0 and this is one of the rational restrictions that may
be imposed on the choice of w”, in particular it can be set to be zero even in the case of anisotropic
materials. Other representative proposals are presented, e.g., in [49] (cf. also, e.g., [25, Chap. 11]).
The uniqueness theorems concerning the rate boundary-value problems, the foundation of the related
bifurcation theories as well as stability criteria can be found in [42]-[44], [50]-[52]. The adequate
computational methods were developed, e.g., in [53], [54, Chap. 6].

5 Brief discussion

Most of the invariance aspects of the finite-strain theory of plasticity illustrated in Part I [4] on the
background of the simple tension have been shown to be valid also in 3D situation. Hill’s
transformation rules of the basic constitutive quantities were recasted for materials with the Green
type of elasticity in a manner slightly different, by presuming that the incremental free energy is the
basic invariant. They help to distinguish the universal concepts (e.g., notion of incremental strain
cycle, plastic increment of work-conjugate stresses) from others that are not invariant (e.g., notion of
incremental stress cycle, positive semi-definiteness of the tangent moduli, plastic increment of the
total strain). The special cyclic process has been analyzed to define the invariant incremental plastic
work within H-R formalism.

The E-M theoretical framework has naturally resulted from H-R approach as a transition from a
fixed generalized coordinates system to a moving one the changes of which correspond to the
changes in the internal state of m.e. The structure of the updated Lagrangean plastic increment of
total strain has been shown in terms of thermodynamic properties described by the free-energy
potential including those representing stress and deformation effects due to damage, pressure
sensitivity etc. Special attention has been paid to the situations when elastic distortions remain small.
These are of special engineering interest since the most not rubber-like materials undergoing
permanent deformations do not experience large elastic distortions. The derived approximate
relations (132)—(133), connecting the updated Lagrangean quantities with those defined in an
unloaded configuration are valid for general anisotropic materials. In our view they constitute the
appropriate compromise between simplicity, generality and usefulness. Notwithstanding the merits
they were not discussed in the literature. The generalized Hooke’s law can be recasted by assuming
that either the moduli £*(n) or ¢*(H) L*(n)/ ¢} presented in (132) are at most functions of H. Their
image L£(n) in the actual configuration k(t) depends on the extra constant 7. This illustrates the
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concept “let the experiments judge what is the most optimal strain measure for the investigated

material”. Such concept in more general context was advanced in the nonlinear elasticity of rubber-
like materials by Hill [1] and Ogden [55]-[57].
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