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On the stress induced InGaN/GaN quantum wells and quantum dots
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The lattice distortion field is extracted by computer image processing with the HRTEM image of GaN structure. Using a 3D nonlinear
finite element method, the segregation of Indium atoms in a quantum dot is interpreted by residual stresses from a threading dislocation.
The formation of Indium clusters is considered in terms of molecular dynamics and finite element method. Using the Stillinger-Weber
potential and molecular dynamics, a systematic analysis of the energy of these In-rich clusters in a quantum well (QW) was carried
out.The quantum wells, 4 atomic monolayers width, contain 30% at Indium and are built between two GaN crystals. A comparison
of their relative stability with the random alloys of the same composition was done with different sizes of the clusters. It was shown
that an In random distribution in the QW is favoured, but for specific conditions the energy difference is low, and the formation of the
In-rich clusters could be possible.
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1. Introduction

III-V nitride semiconductors (GaN, InN) are now involved in
a large domain of optoelectronic applications: blue light emit-
ting diodes and lasers due to their direct band gap in the range
0.7-6.2eV. The first blue laser was carried out with an InxGa1-xN
quantum well structure. In these ternary alloys, segregation,
phase separation or ordering can occur due to the large difference
in bond lengths of the two nitrides, GaN and InN.The formation
of Indium rich clusters in the epitaxial layers of InGaN quantum
well was observed at the atomic scale by means of High Resolu-
tion Transmission Electron Microscopy (HRTEM). These Indium
clusters should be the key word to understand the mechanisms of
light emission in GaN/InxGa1-xN/GaN quantum wells. However,
the origin of these In-rich clusters is still indeterminate: due to a
phase separation or just an effect of the electron beam damages
in TEM. In the same way, residual stresses induced by defects as
threading dislocations can affect the diffusion process of In, Ga
species controlling the segregation; this process is simulated step
by step by using a 3D nonlinear FE method in InxGa1-xN layer
deposited on GaN. From the thermodynamical point of view, this
process is governed by the driving force induced by the gradient
of residual stresses operating in an anisotropic nonlinear elastic
structure. The source of stresses we consider is the set of thread-
ing dislocations examined in a HRTEM plane view of GaN layer
deposited on sapphire.

2. Finite element analysis

2.1. Continuum thermodynamics

Consider an interdiffusion process coupled with the mass
transport in the wurtzite type InxGa1-xN crystal lattice. Let the
molar density of the energy be governed by the following consti-
tutive equation

ψ =
1

2bc (bεεε− bεεεch) : bc : (bεεε− bεεεch) + ψch, (1)

where bεεε is the strain of crystal lattice, bc is the total molar concen-
tration refered to the perfect (undeformed) GaN lattice, bc is the
elastic stiffness tensor. The chemical strain is governed by the
Vegard law

bεεεch = baInN x+ baGaN (1− x), (2)

where baInN and baGaN are tensors of the respective Vegard coef-
ficients. A pure chemical part of energy ψch is independent of
strain and depends only on molar fraction of Indium x. In our
case the elastic strain is identified with bεεεe = bεεε−bεεεch, cf. [1, 2, 3].
It can be shown that the substitution of (1) into the energy bal-
ance equation gives the following formula for the driving force
governing diffusion

bf = ν(baInN − baGaN) :bc : dgradbεεε
− ˆach + ν (baInN − baGaN) :bc : (baInN − baGaN)

˜dgradx, (3)

where the colon denotes the double scalar product, dgrad means
the gradient related to distances in a perfect (undeformed, stress

free) crystal lattice, ach =
∂2ψch

∂x2
, and ν is a factor saying which

part of the driving force is used for interdiffussion and mass
transport, respectively. In our case the deformation of crystal
lattice is considered in terms of so-called finite strains. We as-
sume that the so-called total deformation gradient, F, is decom-
posed multiplicatively into thermodynamically reversible defor-
mation Fe and irrevesible deformation tensor Fpl, F = FeFpl.
For example, the plastic deformation rate tensor is defined as
bdpl

df
= ḞplFpl, where Ḟpl denotes the material derivative of Fpl.

In our case the elastic strain is defined as bεεεe df
= 1

2
ln (FTe Fe).

More details on the thermodynamic approach used here is given
in [3, 11]. According to the thermodynamic limitations we can
assume the following constitutive equation for the diffusion ve-
locity and inelastic strain rate resulting from the drugging of ma-
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Figure 1: Subsequent time frames illustrating Indium concentrations around threading edge dislocation.

terial with interdiffusion

bvd = bBbf , (4)

bdpl = −(1− ν)cdiv
ˆ
(baInN − baGaN)⊗ bJ

˜
, (5)

where bJ = bc x bvd and bB is a second-order positively defined
tensor of diffusivity coeffiecients, see [3, 11].

2.2. FE simulation

Our FEM algorithm is based on integration of two balance
equations

divσσσ = 0, (6)
c ẋ+ div (c xvd) = 0, (7)

where vd = Febvd and c = bcdetF−1
e . The Cauchy stress de-

pends on the gradient of displacement and on the Indium frac-
tion, σσσ = σσσ(∇u, x). In terms of FEM the diffusion velocity is
dependent on the first and second order gradients of displace-
ment field and on the chemical fraction and its first gradient,
v = v(∇u,∇2u, x,∇x).

We used 27-node brick finite elements in which the shape
function for displacements is spanned on all 27 nodes and based
on the second-order Lagrangian polynomials, while for Indium
fraction we used the first order Lagrangian polynomials spanned
only on 8 corner nodes (multilinear shape function). In our FE
simulation we have normalized the time of the process to ob-
tain a final stress equilibrium of Indium concentrations in 10 time
units. To this aim the following diffusivity coefficients were as-
sumed in SI: for the 3D finite elements situated on InGaN surface
B = 10−28 and for the GaN bulk elements B = 10−38, where
bB =

h
B · ·
· B ·
· · B

i
. The time step was ∆t = 0.1. In our simulations

we have assumed ψch = 0 and ν = 1. All other parameters were

assumed to be the same as those in our previous FE calculations,
see [4] . The results are presented in Fig. 1. The FE results can
be rescaled to any other (real) time scale of diffusion process by
rescaling the mentioned difussivity coefficients.

3. Molecular Dynamics

3.1. Stillinger-Weber empirical potentials for InGaN alloys

We used a modified Stillinger-Weber (SW) potential to un-
dertake our atomistic calculation for the InGaN quantum well.
This empirical potentials consider the two- and three-body inter-
actions and are suitable to describe the total energy of the tetra-
hedral semiconductors

Φ(1, . . . , N) =
X
i,j

(i<j)

φ2(i, j) +
X

i,j,k
(i<j<k)

φ3(i, j, k), (8)

where

φ2(rij) = εf2
“rij
σ

”
, (9)

φ3(rij) = εf3
“rij
σ

”
, (10)

f2(r) =

(
A(Br−p − r−q)e

1
r−a , r < a,

0, r > a,
(11)

f3(i, j, k) = h(rij , rjk, θijk) + h(rji, rik, θjik)

+ h(rjk, rki, θjki), (12)

hijk(rij , rjk, θijk) = e
γ

rij−a
+ γ

rjk−a

“
cos θijk +

1

3

”2

. (13)

ε and σ are the energy and length units. The parameters p and
q are usually taken to be 4 and 1, repecitvely, a represents the
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cut-off distance to limit the atomic interactions in the range of
the nearest-neighbor. θijk is the angle formed by the ij and jk
bonds, which describes the direction nature of the covalent bond
in the tetrahedral structure. cos θijk = − 1

3
corresponds to the

ideal structure. A,B and γ are the bond strength parameters. The
parameters of the SW empirical potentials for Ga-N and In-N are
presented in Table 1 [7].

Table 1: Stillinger-Weber parameters for InN and GaN.
Ga-N In-N Ga-N In-N

A 7.7183 7.7546 λ 23.0425 15.3604
B 0.6937 0.6986 ε(eV) 2.2645 1.9925
a 1.8 1.8 σ(Å) 1.7001 1.8790
γ 1.2 1.2

These parameters give the good crystallographic parameters
of the materials: the calculated bond lengths of Ga-N and In-N
are 1.949Å and 2.156Å, respectively, similar to the experimental
values. And the calculated elastic constants and bulk modulus
seem in fair agreement with the experimental data [8]. The most
stable structures obtained with these parameters are wurtzite and
zinc-blende structures. These parameters are thus suitable to cal-
culate the atomic configurations in InGaN alloys. In all of our
calculation, the atomic structures were relaxed by using the Ver-
let algorithm. The periodic boundary conditions were used in the
relaxation.

3.2. Case of InGaN alloys

We performed firstly a test of our SW potential in InGaN al-
loys. The random, ordering and cluster atomic configurations of
Indium in InGaN alloy are considered. The stability of the alloys
is described by the formation enthalpy of InxGa1-xN with differ-
ent In concentration

H = Etot − xEInN − (1− x)EGaN (14)

where EInN and EGaN are the energies of InN and GaN in their
perfect structures.

For the case of the random distribution, the formation en-
thalpy is shown in Fig 2. The result is similar to that in ref. [9]
except the narrow region around In=50%. Nevertheless, the for-
mation enthalpy is positive in the whole range, which means the
alloy is thermodynamically unstable. Especially for the high In
concentration, there are InN clusters in the alloy. The distribu-
tions of bond length and atom energy of In0.5Ga0.5N are shown
in Fig. 3 (a), (b). The results indicate that the bond length is
mainly around the values of GaN(1.95 Å), InN(2.156Å), same
to that in [10]. The deformation of the second- and high-order
neighbors makes the distribution wide as a perturbation effect.
The atom energy discretely distributes around -4.5eV, -4.35eV,
-4.23eV, -4.05eV and -3.9eV, which corresponds to the different
strain energies, i.e. five kinds of the nearest-neighbor atomic con-
figurations. N atom is chosen as the center to analyze the atomic
configuration and we find that the five energy values respectively
correspond to N(4Ga), N(3Ga,1In), N(2Ga,2In), N(1Ga,3In) and
N(4In).

3.3. Case of InGaN cluster in QW

Figure 2: Formation enthalpy of InxGa1-xN (0<x<1).

Figure 3: The distribution of bond length (a) and atom energy (b)
in In0.5Ga0.5N.

In the centre of a set of 36 GaN monolayers stacked along
the growth direction <0001>, four monolayers (ML) of InGaN
are embedded. The latter layers form a quantum well (QW), and
the number of atoms is: 2868 N and 2868 (Ga, In). The average
concentration in QW is 29.7% In at., or 797 In atoms. In the QW,
one cluster is designed; its height along <0001> is 10.42Å cor-
responding to the 4 monolayers of QW, and its length is 40Å in
Fig. 4. Another 35Å large of cluster is considered also. Three In
concentrations in the cluster were chosen as 10, 29.7 and 80% at,
respectively. In the QW, Indium atoms are randomly distributed
inside and outside of the cluster, no ordering is taken into ac-
count. It was previously shown that the formation enthalpy of a
cluster is always higher than that of a QW without any cluster,
except when the In concentrations in the cluster and outside are
equal (29.7%).
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Figure 4: Calculation cell of a GaN/InxGa1-xN/GaN heterostructure between two GaN layers containing an InN cluster.

A variation of the formation enthalpy is obtained as a func-
tion of the In concentration in the cluster, and we can note that
the 29.65% In cluster shows the smallest energy whatever the
size of the cell Fig. 5. This means that the homogeneous distri-
bution of Indium atoms is more favourable than the formation of
clusters in QW. No important difference was found in the bond
angle distributions for the two cluster sizes with the same Indium
concentration in the cluster. The angular distribution is shown in
Fig. 6 for l=40Å . It is the smallest for the QW with 29.65% In.
This angular deformation contributes to the largest energies in the
cases of 10% and 80% Indium in the cluster.

Figure 5: Formation enthalpy for two sizes of cluster, and for dif-
ferent concentrations of Indium in the cluster. l is the width of
cluster, the length and height are the same.

Figure 6: Angular distribution in QWs for l = 40Å with 10%,
29.65% and 80% In at. in the cluster. The centre line indicates
the perfect angle of wurtzite crystal, equal to 109.47◦.

Figure 7: Bond length distribution in QWs, l=40Å for 10%;
29.65% and 80% In at.

Regarding the bond length distributions, the curves present
the same shape for the two cluster sizes with the same Indium
concentration.For the three different Indium concentrations, we
can note that the peak is shifted slightly from the ideal GaN bond
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length in the range 1.945Å to 1.951Å. In the case of 80% Indium,
the shift is more pronounced (Fig. 7). As for the modification
of the bond angle, the variation of the InN bonds lengths is an
important contribution to the energy of the quantum well.

The calculation cell can be divided into three parts: (A) is the
pure GaN, (B) and (C) are inside of the QW but (B) is outside of
the cluster (C). In part (A), the GaN average bond length is found
as 1.948Å whatever the In concentration in the QW.

The behaviours of a random alloy or of a cluster embedded
in a matrix are quite different (Fig. 8). In both cases, the bonds
remain distinct and the crystallographic rows are no more linear
showing a significant fluctuation from the perfect lattice sites. Fi-
nally, the system relaxes in an intermediate state. However, for
the embedded clusters, the QW structure of minimum energy de-
pends also on the deformation rate of the host matrix. The atomic
volume of InN is larger than that of GaN, and comparison of elas-
tic constants shows that GaN is more rigid than InN. In these
conditions, the expected equilibrium structure could be based on
a slightly compressed GaN matrix, and a highly compressed InN
cluster, these effects being controlled by the In concentration in
the cluster.

Figure 8: Variation of the GaN and InN bond lengths[Å] in (B)
outside of the cluster and in (C) inside of the cluster.

4. Conclusion

In the first part of our calculations we have shown that the
residual stresses induced by threading dislocations are too small
driving forces to form quantum dots (QDs) with Indium concen-
trations greater than 70-80%. In other words the residual stresses
induced TD can be treated as the dominant driving force which
can nucleate QDs but to form a QD with concentration higher
than 70-80% In

Ga+In
fraction an additional driving force must be

taken into account. As it is easy to guess this additional driving
force responsible for Indium segregation over 80% can be the os-
motic force induced by a pure chemical part of chemical potential
∂ψch
∂x

which was neglected in the present calculations. Summing
up, we have demonstrated how far the segregation of Indium in
InGaN layer can be interpreted in terms of residual stresses in-
duced by threading dislocation.

In the second part by using a Stillinger-Weber potential, we
have analysed the InGaN quantum wells with a fixed Indium rate

29.65%. The formation of clusters with different Indium con-
centrations was considered, and this formation is not supported
in this approach since the homogenous distribution of In atoms
leads to a lowest formation enthalpy. However, in some cases the
difference in energy is very low, and a metastable formation of
clusters could be expected.
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