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Abstract. A nonlinear finite element approach presented here is based on the constitutive equations for 
anisotropic hyperelastic materials. By digital image processing the elastic incompatibilities (lattice mismatch) 
are extracted from the HRTEM image of GaN epilayer. Such obtained tensorial field of dislocation 
distribution is used next as the input data to the FE code. This approach is developed to study the stress 
distribution associated with lattice defects in highly mismatched heterostructures applied as buffer layers for 
the optically active structures.  

Introduction 

It is well known that the strain field affects the properties of semiconductor devices [1].  By using the 
geometric phase method [2] to digital processing of High Resolution Transmission Electron Microscopy 
images (HRTEM) it is possible to determine the plain components of the lattice distortion field. The 
experimental details on the preparation of GaN epilayers on sapphire substrate considered here have been 
given in [3]. In the present paper a computational technique for predicting residual stresses induced by 
dislocations is discussed in brief. More details are given in [4]. Finite element (FE) method is rarely employed 
to predict the residual stress distribution induced by a tensorial field of dislocation distribution (DD). The 
reason of that yields from difficulties in finding of the suitable numerical algorithms based upon the 
displacement field method being the foundation of the most of FE codes. In the present paper we consider a 
nonlinear FE algorithm. The linear theory of elasticity is used very often mainly due to its efficiency in 
determination of analytical solutions. Thus, many analytical solutions for dislocation fields are available, see 
[5]. Nevertheless, the strains in epitaxial layers reach considerably larger values than in ordinary crystals. To 
hold a linear character of differential equations, the linear theory, by definition, ignores the nonlinear effects 
yielding from the differences between the actual and reference configurations of crystal  lattice as well as from 
the asymmetry in the extension/compression response of real crystals, see [6]. 

Kinematics 

Let X denote a reference position of a given material particle which after deformation takes a new position x. 
In such a case the motion is described by the material mapping x= x(X,t) where t denotes time. In the 
Euclidean space the deformation gradient and displacement gradient are related each other by the following 
equation  
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Fig. 1. HRTEM image of treading dislocations 1/3<1102 > in the GaN layer deposited on sapphire. 
 

By means of the geometric phase method the distribution of lattice distortions can be reconstructed from the 
HRTEM image. The method is based upon centering a small aperture around a strong reflection in the Fourier 
transform of image [2]. The phase components of the resulting complex image give information about local 
displacements of atomic planes. Applying two non-collinear Fourier components a two-dimensional piecewise 
continuous elastic displacement field û (x) is extracted from the HRTEM image. Such obtained a piece-wise 
field holds the same left- and right-handed derivatives on the discontinuity lines. Therefore, differentiating the 
displacement field a continuous field of lattice distortions )(xβ  is reconstructed  

ˆ
.

u
β

x
∂=
∂

                                                                 (2) 

More details on determination of the distortion field are given in [7].  It is easy to prove that using the 
distortion tensor field )(xβ , we can recover the components of the 
so-called true Burgers vector according to the relation 

ˆ  dx,
c

b β= ∫�                                                                   (3) 

where c denotes the Burgers circle in the actual configuration. 
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 In the present approach we assume a multiplicative decomposition of the deformation gradient 

{ pl
F

FRUF
lt

= ,                                                                (4) 

where R, U, Flt and Fpl denote, respectively, the rotation and stretch of crystal structure determined in 
relation to its local relaxed (intermediate) configuration, the lattice deformation gradient and a remnant 
(plastic deformation) resulting from the (permanent) rearrangement of atoms composing the crystal lattice.  
Flt can be specified [4] as 

1)( −−= β1ltF .                                                             (5) 

The local distributions of the true Burgers vectors referred to the lattice reference configuration are described 
by the following DD tensor 

1 T
lt lt ltˆ curl det .

df

α F F F− −=                                                         (6) 
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Fig. 2. Fields of the DD tensor invariant ˆ ( )α x , lattice orientation )(xϕ  and elastic stiffness reduction factor 
ˆre ( )x− α  for r=60.  

 
Constitutive model  
 
In the computational model we assume the stiffness reduction in lattice disordered regions according to the 
relation  

ˆrˆ ˆec c− α
α = ,                                                                  (6) 

where ĉ  is the elastic stiffness tensor corresponding to a perfect lattice and r is a scalar parameter. The 
tensorial field of DD ̂α  allows the computer recognition of dislocation core region during the computational 
process. The lattice disordered regions are recognized by using the following invariant of the DD tensor 

2 2
xz yzˆ ˆ ˆ .α αα = +                                                             (7) 

Dislocation core regions give strongly localized peaks on the DD tensor field, see ˆ ( )α x  in Fig. 2. In the 
mentioned figure it is also shown how far the scalar parameter r=60 induces the elastic stiffness reduction in 
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dislocation core regions, see ˆre− α .  With respect to numerical problems we have limited the stiffness reduction 
in dislocation cores to 0.1c.  

Supposing that the specific strain energy satisfies 
ijkl

ij kl

1 ˆ ˆ ˆˆψ( )= c ε ε ,
ˆ2

ε αρ
                                                              (9) 

where 
df

m1
ˆ = ( 1)

m
ε U − , ρ̂ is the mass density in the reference configuration. It can be proved that the Cauchy 

stress is governed by the following equation [6] 
T -1ˆ ˆ ˆ= ( ) det .σ R Λ c ε R Fα: :                                                       (10) 

The fourth-order tensor ̂Λ  decomposed in the strain eigenvector basis }{ Iε̂  is represented by the following 

non-vanishing components 

IJIJ IJJI IJ
ˆ ˆΛ Λ δ= =   for  I Jˆ ˆε ε= ,                                                  (11) 
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where Iε̂  is the I-th eigenvalue of ε̂ . 

 
Finite element method  
 
FE algorithm developed here is based on the integration of the equilibrium equation over the current 
configuration, cf. [4]. The following differential equation is integrated  

div =0,σ                                                                       (13) 
where the Cauchy stress tensor is a nonlinear function of u, u∇ , β  and β∇ . In such a case, due to the 
nonlinear geometry the constitutive model applied gives the nonsymmetric tangent stiffness matrix.  We have 

assumed the following vector of nodal variables [ ] ˆ=     a u β 


, where 

1ˆ ( ) .β 1 β 1−= − −                                                                 (14) 

Due to the complex dependence of the residuum on [ ]a  the tangent stiffness matrix was calculated 

numerically as 
[ ] 1

ij iv

( )det
K N det dv.

i

σ a F
F

a
−∂

≈ ∇
∂∫                                                 (15) 

More details of this FE approach have been given in [8]. 
 

Numerical example. In order to illustrate the method let us consider a selected area of GaN, see Fig. 1.  
The HRTEM image is a 2D projection of the real 3D structure with edge dislocations.  By the digital image 

processing the distortion field of the crystal lattice is obtained in the form of four plain components ˆ(x,y)β . 
To reconstruct distortions in z-direction we assumed at the beginning that for all z-coordinates the source 

distortions hold the constraints ˆ ˆ(x,y,z)= (x,y)β β . Nevertheless, during computational process the dimensions 
of finite elements changed due to two reasons: (1) initial deformation - imposed by the source distortions and 
(2) elastic relaxation - due to elastic response proper to the assumed hyperelastic material and boundary 
condition. The second reason induces for example the stress relaxation in the z-direction especially on the 
external stress-free surfaces of the FE mesh.  
 

 



                                  Materials Science Forum Vols. 404-407                                                 145 
 

 

�
XX

-2.70E+09

-2.10E+09

-1.50E+09

-9.00E+08

-3.00E+08

3.00E+08

9.00E+08

1.50E+09

2.10E+09

2.70E+09

3.30E+09

-5.41E+09

7.25E+09

�
XY

-1.65E+09

-1.35E+09

-1.05E+09

-7.50E+08

-4.50E+08

-1.50E+08

1.50E+08

4.50E+08

7.50E+08

1.05E+09

1.35E+09

-2.22E+09

1.93E+09

 
 

�
YY

-2.70E+09

-2.10E+09

-1.50E+09

-9.00E+08

-3.00E+08

3.00E+08

9.00E+08

1.50E+09

2.10E+09

2.70E+09

3.30E+09

-5.90E+09

4.94E+09

�
ZZ

-5.40E+08

-4.20E+08

-3.00E+08

-1.80E+08

-6.00E+07

6.00E+07

1.80E+08

3.00E+08

4.20E+08

5.40E+08

6.60E+08

-1.03E+09

1.22E+09

 
 

 
Fig. 3.  The Stress distribution in GaN layer, the mid-cross section through FE mesh. 

 
 
Each of finite elements had the following initial dimensions 7.2874 nm × 7.2874 nm  ×  72.874 nm. The 
values of the parameters r and m were assumed to be 60 and -3, cf. [9] and [4], respectively. Full (3D) 
second-order elastic anisotropy was included to the analysis. The stiffness constants were taken after Takagi 
[10]: 11C =  374, 12C =  106, 13C =  70, 33C =  379, 44C =  101 GPa. The finite element calculation has been 

performed by using an anisotropic hyperelastic FE element implemented to the Taylor's FEAP program as a 
user element adopted to read lattice distortion field extracted directly from the HRTEM image.  The 
boundary-value problem for the stress equilibrium was solved by using the modified Newton-Raphson 
method. The numerical results obtained for the residual Cauchy stress distribution are shown in the 3D view 
of the mid-plane cross section of the FE mesh, see Fig. 3. 
 
Summary  
 
The residual stresses have been obtained here as a solution of the boundary-value problem stated for residual 
stresses induced by the DD tensor field extracted from the HRTEM image of the GaN epilayer. Using both 
the geometric phase method, continuum theory of dislocations and  theory of anisotropic hyperelastic 
materials the components of the stress field have been calculated. This method links the digital processing of 
the HRTEM images with the object oriented FE method, where the output data obtained from the image 
processing are used as the input data to the nonlinear FE analysis. 
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