
Chapter 13
Nonlinear Finite Element and Atomistic
Modelling of Dislocations in Heterostructures

Paweł Dłużewski, Toby D. Young, George P. Dimitrakopulos, Joseph Kioseoglou,
and Philomela Komninou

Abstract. A continuum and atomistic approach to the modelling of dislocations ob-
served by the High Resolution Transmission Electron Microscopy (HRTEM) is dis-
cussed. We present a methodology for the analysis of dislocations, stacking faults
and interfacial regions in crystal heterostructures by using experimental measure-
ments, and atomistic/continuum models. The derived method is capable of handling
dense arrays of dislocations as well as large areas of the interface between two crys-
tal structures. As an example, we consider stacking faults in bulk GaN and a misfit
dislocation network in a GaN/sapphire interfacial region through relaxation of strain
and associated residual stresses; where the quantification of the latter is beyond the
reach of experiment alone.

13.1 Introduction

This chapter achieves a reciprocal relation between atomistic and continuum mod-
els of the extended crystal defects observed in semiconductor structures. In par-
ticular, a focus is applied to regions containing dislocations and/or stacking faults
in bulk crystals, and to misfit dislocation networks in the interfacial region of a
film/substrate heterostructure. The connection between the continuum and atomistic
models is divided into two parts and illustrated by following two examples:

(a) The atomistic models of dislocations, typically found in semiconductor materi-
als, are constructed by means of a set of equations that describe the distortion
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field of the straight–mixed dislocation introduced by a slip/climb plane (stack-
ing fault) to the crystal lattice. Such partial dislocations and stacking faults as
observed on HRTEM images are discussed in this chapter.

(b) The misfit dislocations arising at a planar heterojunction formed between semi-
conductor film and substrate are reconstructed in the atomistic and 3D finite
element models by taking advantage of experimentally obtained strain maps.

In order to assure the fulfillment of a proper reciprocal relation between the con-
tinuous and discrete configurations of these systems, the theoretical predictions are
referred back to observations obtained by experiment. From this, it may then be
possible to investigate such a system in terms of its effectiveness in technological
applications and devices.

In particular, as a practical implementation of this scheme, we analyse structural
defects introduced by the mismatch between GaN and sapphire lattices in three con-
joined steps of modelling. In the first step the reconstruction of the lattice distortion
fields was performed starting from observations of the GaN/sapphire interface by
HRTEM. Having as input the experimental values of the lattice constants, 3D crys-
tallographic models of the stacking faults and interface were constructed. Geomet-
rical Phase Analysis [10] was then applied to the experimental and the correspond-
ing simulated images in order to obtain initial lattice displacement and strain fields
in the interfacial region. This data was taken as input for Finite Element Analysis
(FEA) thereby overcoming the obstacle of a lack of empirical potentials suitable for
describing heterostructures within molecular dynamics simulations. The 3D model,
corresponding to a few parallel misfit dislocations in the HRTEM image, was con-
structed with a fundamental motif structure and multiplied in such a way as to obtain
a sample of reasonable size with a number of dislocation nodes trapped inside thus
forming a complex network of misfit dislocations.

The remainder of this chapter is organised as follows: In section 13.2, the mathe-
matical foundations of the nonlinear continuum theory are discussed and mutual ten-
sor relations between the lattice and plastic distortions, Burgers vector and elastic-
plastic deformation tensors are discussed. Section 13.3 is devoted to dislocations
and stacking faults reconstructed in the bulk crystals. Section 13.4 is devoted to the
HRTEM analysis and reconstruction of the misfit dislocation net in the interfacial
region of henerostructure GaN/Al2O3. In that section, we apply our method for re-
constructing 3D source distortion maps from 2D and consider the relaxation process
of the strain energy of the heterostructure by a discrete space formalism within FEA.
Conclusions are drawn in Section 13.5.

13.2 Continuum Theory of Discrete Dislocations

In the linear theory of dislocations the gradient of crystal deformation is decom-
posed additively into the lattice and plastic distortion tensors, according to
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gradutot = ββββββββββββββ +ββββββββββββββ pl , (13.1)

cf. [16]. By assumption, the lattice distortion ββββββββββββββ is composed of the antisymmetric
tensor of crystal lattice rotation and symmetric tensor of elastic strain, respectively

ββββββββββββββ = w+εεεεεεεεεεεεεε . (13.2)

The plastic distortion ββββββββββββββ pl is identified with an asymmetric strain tensor being iso-
clinic with the lattice rotation. This nomenclature comes from the theory of elasto-
plastic Cosserat continua where the particle rotation χχχχχχχχχχχχχχ and elastic/plastic strains are
identified respectively with: χχχχχχχχχχχχχχ ≡ w, εεεεεεεεεεεεεε ≡ εεεεεεεεεεεεεε and εεεεεεεεεεεεεεpl ≡ ββββββββββββββ pl; which gives

gradutot = χχχχχχχχχχχχχχ +εεεεεεεεεεεεεε +εεεεεεεεεεεεεεpl . (13.3)

where the elastic strain tensor εεεεεεεεεεεεεε is no longer symmetric. Contrary to the Cosserat
continua, in the continuum theory of dislocations it is assumed that the material
particle cannot rotate independently of the displacement field, and therefore a sim-
plified notation gathering together the elastic strain and crystal lattice rotation into
a common lattice distortion tensor ββββββββββββββ is more convenient.

13.2.1 Burgers Vector

According to the state–of–the–art of the nonlinear continuum theory of dislocations,
the total deformation gradient can be decomposed multiplicatively into elastic and
plastic deformation parts and rewritten in the form

Ftot = FFpl . (13.4)

The integration of lattice distortions over Burgers circuits gives

b =
�

c
dx =

�
O

Fdx̂ =
�

c
(1 + β̂βββββββββββββ)dx̂ , (13.5a)

−b̂ =
�

C
dx̂ =

�
o

F−1dx =
�

o
(1−ββββββββββββββ)dx , (13.5b)

where 1, b and b̂ are the metric tensor of the Euclidean space, and the spatial and
true Burgers vectors, respectively. The symbols c,C,o,O denote the open and closed
Burgers circuits situated respectively in the current (Eulerian) and reference (inter-
mediate) configurations. It is worth emphasising here that the lattice distortion ββββββββββββββ is
related to lattice spacings in the current configuration. Alternatively, the distortions
can be referred back to the spacings in a perfect lattice, which gives the following
reversible transformation rule

β̂βββββββββββββ = (1−ββββββββββββββ)−1 −1 . (13.6)
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Usually, in the linear theory the difference between differentiation over the cur-
rent, reference and intermediate configurations are neglected, i.e. it is assumed that
∂u
∂x ≈ ∂u

∂ x̂ , β̂βββββββββββββ ≈ ββββββββββββββ , O ≡ o, etc. Given such a simplified approach, the differential equa-
tion sets obtained reduce to linear sets, and thanks to analytical methods available
for linear systems many very useful analytical formulae have be derived for dislo-
cations.

13.2.2 Analytical Equations for Mixed Straight Dislocation

The total displacement field around a mixed straight-line dislocation in an isotropic
elastic material is defined by the classical formulae coming back to works by [19]
and [23]. Here the equations are written in a more general form as
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2π

(
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y
x

+
xy

2(1−ν)(x2 + y2)

)
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(
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(13.7)

Fig. 13.1 Partial disloca-
tion bounding a stacking
fault.

where the edge and screw components of the Burgers vec-
tor, bx and bz, are parallel to the x and z axes respectively.
The symbol ϕ denotes the angle composed by edge com-
ponent of the Burgers vector with the crystal plane the par-
tial dislocation is introduced into the crystal; the Heaviside
step function H(x) is defined according to the following
convention: H(x) = 1 for x ≥ 0, and H(x) = 0 for x < 0.
For partial dislocations the plane mentioned above can be
identified with a stacking fault plane, see Fig. 13.1.

Non–vanishing components of lattice distortions are

βxx =
−bx

2π
(3−2ν)x2y +(1−2ν)y3

2(1−ν)(x2 + y2)2 , βxy =
bx

2π
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(13.8)

It is worth emphasizing that (13.7) does not describe the total displacement field
but only its elastic part in a singly connected domain arctan y

x �= ϕ . The plastic
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distortions can be recovered here from the compatibility condition,
�

o dutot = 0,
which gives

βplxx =
x

x2 + y2 δ
(

arctan
y
x
−ϕ

)
, βplxy = − y

x2 + y2 δ
(

arctan
y
x
−ϕ

)
,

(13.9)

where δ (·) denotes the Dirac delta function.

13.3 Atomistic Reconstruction of Dislocations

In many cases the analytical solutions obtained by means of the linear theory of
dislocations are used to generate the input files for atomistic modelling of the phys-
ical properties of dislocation cores. In case of the wurtzite structure of GaN such
a method has been used in many papers starting from [1]. The structure of such
obtained cores depends on which position the dislocation center has taken in the
reference unit crystal cell as shown in figure 13.2.

Fig. 13.2 Dislocation core structures generated by means of (13.7) for b = 1
3 〈2110〉 in GaN,

on the left: the reference unit cell with depicted positions of dislocation centers assumed to
generate the 5:7 and 8-atom ring cores shown on the right, respectively.

The dislocation cores generated by the use of (13.7) do not hold symmetry of
atomic bonds distribution. To avoid the asymmetry some modification into (13.7)
was considered by [3], cf. [20]. Nevertheless, to obtain a symmetric distribution
we should apply finite deformation theory in which the difference between differ-
entiation over the reference and spatial configurations are taken into account. The
problem is that the strict analytical solutions based on the nonlinear theory have not
been obtained for most of the typical problems of the dislocation theory as yet.

13.3.1 HRTEM Investigations of Partial Dislocations in GaN

GaN-based wide band-gap semiconductor technology has offered important de-
vice applications in optoelectronic and high power-frequency-temperature micro-
electronics. Extensive studies of dislocation core structures are being performed in
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order to assess their influence on a number of material properties and phenomena,
e.g. [21, 2, 26, 18, 17, 8]. We have recently derived the core structures of the Shock-
ley partial dislocations that delimit the I1 type of intrinsic stacking fault [12] which
is a low energy fault of frequent occurrence. These defects can be constructed from
a perfect crystal by removal or addition a disc of atoms in the (0001) basal plane
(vacancy or interstitial disc) followed by a shear.

Assuming that the line direction of the partial dislocation is along [1210], the
dislocation may exhibit either the edge or mixed character. Let xz be the (0001)
plane, with z along the dislocation line (i.e. [1210]) and x along [1010]. Con-
sequently, the y axis is along [0001]. In the case of edge-type partials bedge =
bx + by where bx = ± 1

3 [1010] and by = ± 1
2 [0001]. In the case of mixed-type par-

tials, bmixed can be decomposed into a screw bz = 1
6 [1210] component and two

edge components, bx = ± 1
6 [1010] and by = ± 1

2 [0001]. Using an empirical inter-
atomic potential, 6 stable configurations for each of 4 variants of Shockley par-
tials, 1

6 [2023], 1
6 [2023], 1

6 [2203], 1
6 [2203], have been obtained, and their energies and

atomic configurations were given by [12]. A 5
7 -atom ring core in which the atoms

are tetrahedrally coordinated was found energetically favourable among the edge
partial dislocation configurations. The 5

7 and 12 atom rings were obtained as low
energy cores for the mixed-type partials of the a and b cases, respectively, although
none of these was found to comprise only tetrahedrally coordinated atoms.

The HRTEM observations of edge and mixed 1
6〈2023〉 partial dislocations in

GaN have also been presented previously. Through GPA of strain fields, as well as
peak finding on white dots, comparison between experimental images and simulated
images of relaxed structures was performed. The 5

7 or 12-atom rings were clearly
identified for the experimental image of figure 13.3a and an 8-atom ring was identi-
fied for the HRTEM image of figure 13.3b [14]. For the mixed partial dislocation of
figure 13.3c, the peak-finding analysis has indicated the 12- or 10-atom rings [11].

Fig. 13.3 HRTEM images of edge partial dislocations 1
6 [2023] bounding a stacking fault I1.

The intensity peaks corresponding to the positions of atomic columns have been marked with
red dots, the atom rings has been identified by both GPA and peak finding [13].
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13.4 Misfit Dislocations in Heterostructure GaN/Al2O3

HRTEM provides a suitable method with which to quantitatively probe the details of
lattice displacements with sub–angstrom accuracy [9]. The HRTEM simulated im-
ages of the interface model were generated using the multi–slice algorithm [25] of
the EMS software. Prior to comparison with the simulations, the experimental con-
ditions of thickness and defocus were determined by calculating the map of through
focus thickness images of perfect GaN. In the HRTEM micrograph of figure 13.4a
the GaN/Al2O3 interface is depicted along the [1120] (GaN) and [1010] (Al2O3)
directions. Using Fourier filtering it is possible to visualise the edge component of
one set of misfit dislocations as terminating fringes of the corresponding substrate
lattice planes; figures 13.4b and 13.4c.

Fig. 13.4 In the left panel (a) HRTEM micrograph of the film/substrate system. In the right
panel, measurements taken from the white bounding box in (a) are the Bragg images from
Fourier filtering along (b) [0002] and (c) [1010]; and images of lattice distortions (d) εxx,
(e) εxy and (f) wxy (thickness=2.2nm, defocus=59nm and white spots represent the atomic
columns projection along [1210]).

13.4.1 Crystallographic Model

The [1010] d-spacing of GaN was determined experimentally from figure 13.4a to
be d = 2.725Å yielding a lattice parameter a = 3.1466Å. By assuming pure bi-axial
strain, and with the use of the elastic constants C13 and C33, the lattice c parameter
was calculated to be ccal = 5.2025Å. The same parameter was determined experi-
mentally to be cexp = 5.19Å. From the difference between ccal and cexp it is clear
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that in addition to bi–axial strain the GaN film also exhibits hydrostatic or uniaxial
strain.

Fig. 13.5 (a) Schematic illustration along [1210] GaN/Al2O3 heterostructure. (b) Plan-view
along [0001] of two relatively rotated by π/6 hexagonal lattices showing the translation peri-
odicity at the interface (dichromatic pattern). (c) Plan view along [0001] of the relatively ro-
tated crystal structures (wurtzite GaN and Al2O3) thus forming a dichromatic complex [22].
The translation periodicity and moiré pattern are shown as well as the trigonal-hexagonal
primitive unit-cell employed here. (d) Enlarged view of the primitive unit-cell. Large and
small circles denote distinct atomic species, shading of atoms denote levels along the projec-
tion direction.

The lattice mismatch between crystal layers is defined by the simple relation
f = (aepi −are f )/are f ; where aepi and are f denote the epitaxial and reference lattice
constants respectively. Taking GaN as reference the lattice mismatch was calculated
to be f = 0.5124, and f = 0.3388 was found by the use of Al2O3 as a reference.
A lateral rotation of π/6 radians of the GaN basal plane significantly reduces the
lattice mismatch to f = 0.1268 with GaN as the reference and f = 0.1452 with
Al2O3 as the reference. The latter configuration is investigated here. Figure 13.5a
illustrates the crystallographic model of the bi–crystal along [1210] (i.e. the same
projection direction as figure 13.4a).

A 3D atomic configuration of the interface was duly constructed using crystallo-
graphic data and HRTEM image simulations were calculated. GPA was then applied
to the simulated images in order to obtain the displacement and strain fields in the
interface region. This data was used as input for FEA [15, 6].
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In figures 13.5b and 13.5c the unit–cell is enlarged. In figure 13.5d the coinci-
dent translational periodicity and primitive unit-cell are illustrated. The bi-crystal
layer group is p3. Each unit-cell contains one dislocation; thereby its symmetry is
reduced to pl and there are three possible variants of 2π/3 radians (i.e. the co–set
decomposition {p3} = {pl}∪3+{pl}∪3−{pl}).

Figure 13.6 illustrates schematically the unit cell given in figures 13.5c and 13.5d.
Rotation around the point of symmetry (black closed triangles) of the sub-cell (dash-
dot green lines) in figure 13.6a give rise variations of the primitive unit-cell (solid
blue lines). The unit-cell is sequentially translated by the coincidence periodicity
to obtain a honeycomb network of misfit dislocations crossing at 2π/3 radians de-
picted in figure 13.6b. The full structure is then taken into FEA described in Section
13.4.2.

Fig. 13.6 Schematic representation of (a) co-set decomposition of the primitive unit-cell em-
ployed here (c.f. figure 13.5c) and (b) construction of the resultant initial honeycomb misfit
dislocation pattern through translation of the primitive unit-cell by the coincidence periodic-
ity. Solid blue lines give the boundary of a unit-cell and dashed red lines denote misfit dislo-
cations. The green dash-dot lines mark out boundaries of the sub-cells with point rotational
symmetry.

13.4.2 Finite Element Modelling of Misfit Dislocations

Linear elasticity predicts equal volumes of compressed and extended regions around
dislocations while experimental evidence shows that extended regions occupy a
larger volume than compressed regions [24]. This asymmetry is widely assumed
to be quantified by the third-order elastic constants which play a crucial rôle in the
elastic behaviour of real crystal structures. In the last decade a number of differing
methods based on a theory of linear elasticity have been employed for the simula-
tion and analysis of lattice dislocations. In this chapter a different approach is used
that has emerged in more recent years and is based on a theory of nonlinear elas-
ticity [6, 4]. In this way we aim to properly take into account the nonlinear elastic
behaviour observed by experiment.

We distinguish between three principal components that together contribute to
the total deformation of the system. First, the source deformation field assumed
to determine the lattice distortion field for the entire heterostructure; secondly, a
chemical deformation gradient describing the transition between perfect lattices of
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Al2O3 and GaN; and thirdly, the source deformation gradient determined by GPA in
relation to some region of Al2O3 chosen to be the reference region to measure the
deformation map for the whole structure visible on the HRTEM image.

The total deformation gradient F is decomposed therefore into three components:

Ftot = FFchF−1
◦ , (13.10)

where F, Fch and F◦ are the elastic, chemical and lattice deformation gradient, re-
spectively. The last gradient is extracted from the HRTEM image by computer im-
age processing, cf. [6]. Alternatively, the gradient can be generated by using the
analytical formulae of the continuum theory of dislocations, see [7]. The chemical
deformation tensor in Al2O3 region is assumed to be the unit tensor of the Euclidean
space. In the GaN and transit regions it was assumed that

Fch =

⎡⎢⎢⎢⎢⎣
aGaN

aAl2O3

0 0

0
aGaN

aAl2O3

0

0 0
cGaN

cAl2O3

⎤⎥⎥⎥⎥⎦n(x) (13.11)

where n(x) is the molar fraction of GaN spanned on eight corner nodes of elements
situated in the transit FE layer. The source deformation and distortion tensors ex-
tracted from HRTEM image satisfy the following relation

F−1
◦ = 1−ββββββββββββββ◦ . (13.12)

The continuum model used here is based on the integration of the equilibrium con-
dition on the Cauchy stress tensor,

divσσσσσσσσσσσσσσ = 0 , (13.13)

In terms finite strains, where the stress measure conjugate by work with the loga-
rithmic strain is referred to the undeformed (perfect) crystal lattice and satisfies the
following linear constitutive equation

σ̂σσσσσσσσσσσσσ = ĉ : ε̂εεεεεεεεεεεεε , (13.14)

where a hat denotes quantities in the reference lattice configuration. Here ε̂εεεεεεεεεεεεε is the
Lagrangian logarithmic strain tensor defined as ε̂εεεεεεεεεεεεε = lnU, where U is the right stretch
tensor of elastic deformation from the polar decomposition F = RU, where R is the
orthogonal tensor of rotation. The fourth–order proper–symmetric tensor of elastic
stiffness ĉ is assumed here to be a tensor of material constants.

Due to nonlinear geometric changes between the reference and current lattice
configurations, it can be shown that such constitutive equation leads to a nonlinear
relation for the Cauchy stress
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σσσσσσσσσσσσσσ = c :εεεεεεεεεεεεεε , (13.15)

where

εεεεεεεεεεεεεε = AAAAAAAAAAAAAA
−T : ε̂εεεεεεεεεεεεε , c = AAAAAAAAAAAAAA : ĉ :AAAAAAAAAAAAAAT detF−1 , (13.16)

where Ai j
IJ = Ri

KR j
LÂKL

IJ . The geometric meaning of the fourth–order proper–
symmetric tensor ÂAAAAAAAAAAAAA as an isotropic tensor function of ε̂εεεεεεεεεεεεε is discussed in [4].

Using the virtual work principle the following nonlinear matrix equation is found

P(a) = f , (13.17)

where the vector P is a nonlinear function of nodal variables a, i.e.

P =
�

v
gradT Wσσσσσσσσσσσσσσ dv , a =

⎡⎣ u
n

β̂βββββββββββββ ◦

⎤⎦ , f =
�

∂v
Wσσσσσσσσσσσσσσd s . (13.18)

and β̂βββββββββββββ ◦ = (1−ββββββββββββββ◦)−1 −1. W denotes the weighting function determined in relation
to the current (iterated) configuration. Using the Newton–Raphson method, the non-
symmetric equation set (13.17) was solved for displacements under the fixed fields
β̂βββββββββββββ ◦ and n.

The components of distortion were cropped to represent the periodicity of paral-
lel misfit dislocations on the interface and rescaled to a resolution of 9×11 pixels.
The strain value at each pixel represented by a single corner node of the 27-node
Lagrangian element [4, 5]. For an extension from the 2D mapping of figure 13.4
to a 3D continuum model of the strain energy similar operations are applied on the
distortion tensor β as as were applied on the spatial coordinate system as described
in subsection 13.4.1. For a single misfit dislocation the reconstruction of missing 3D
source distortion components from 2D HRTEM images, cf. figure 13.5, was done
by using the following relation [6]

β̂βββββββββββββ ◦ =

⎡⎢⎢⎢⎣
β̂◦xx 0 β̂◦xz

√
2

2 β̂◦xz 0
√

2
2 β̂◦ zz

β̂◦ zx 0 β̂◦ zz

⎤⎥⎥⎥⎦ . (13.19)

13.4.3 Reconstruction of 3D Structure into FEA

The GaN/Al2O3 system FEA in the resultant configuration of relaxed strain is given
in figure 13.6. In the left panel the complete structure is given where the lines of
the finite element mesh are displayed. It can be seen that our model corresponds
to a Al2O3 substrate on which has been deposited a finite film of GaN. The right
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Fig. 13.7 Chemical composition and the lattice distortions βxx,βyy,βzz in the spring-back
configuration induced by stress relaxation of the 27-node FE mesh reflecting the global
honey-comb structure through a co-set decomposition of the primitive unit-cell described
in Section 13.4.1 (c.f. figure 13.6).

panel shows the same as the left, but as a slice through the interface region in the
[0001] direction revealing the GaN surface and network of three crossing line dislo-
cations c.f. figures 13.5b and 13.6c. Residual stresses arising in the interface region
are given in figure 13.8. These results indicate that a honeycomb network of misfit
dislocations arising from the lattice mismatch between GaN and Al2O3 is energeti-
cally stable.

σ σ

σ σ

xx xx

xyxy

Fig. 13.8 A cross-section through the [0001] direction revealing relaxed honeycomb Cauchy
stress field [Pa] on (left) Al2O3 and right GaN surface.
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13.5 Conclusions

The aim of this paper was to achieve modelling of dislocations by means of the
atomistic and continuum models including:

(a) The reconstruction (preprocessing) of the dislocations and stacking faults by
means of the use of a modified analytical formulae to input the mixed dislo-
cation into the atomistic model, see (13.7) and Fig. 13.2. The reconstruction of
analogical models based on the analysis of the HRTEM image is also discussed,
see and Fig. 13.3.

(b) The use of the computer image processing based on GPA as the input data to
the FEA of interfacial region, see Fig. 13.4. The modelling takes into account
the residual stresses and lattice distortion distribution induced by both: (a) the
chemical mismatch of different type crystal lattices (b) misfit dislocations and
(c) elastic residual stress/strain field accommodating the remaining mismatch.

The continuum models used in this work have the significant advantage of treating
large volumes without utilising millions of atoms in the formalism while providing
an understanding of defect interactions. As a realistic example of this we have in-
vestigated the strain response affected by misfit dislocations in the heterostructure
GaN/Al2O3. This was achieved starting from observations of HRTEM images, and
through its computer image processing resulting 2D lattice distortion field, recon-
struction of missing distortion field in the 3rd direction, and finally by the 3D FE
modelling of the misfit dislocation net. The results from our method of modelling
have been shown to be consistent with experiment.

The method we have employed here is not limited to a traditional film/substrate
system and can be easily extended to include more complex structures; such as for
example, sequential multi-layers intersected by treading dislocations. Furthermore
the computational process presented here can be used hand-in-hand with other tech-
niques of HRTEM interpretation.
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